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Rudenberg’s well-known letter of 1951 entitled “On the Three- and Four-Center Integrals in Molec-
ular Quantum Mechanics” explicitly presents two approximation formulas for four-center repulsion
integrals, only. When applied to some types of three-center repulsion integrals, however, these two
recipes still imply considerable oversimplifications. Using both one-electron and two-electron routes
of Rudenberg’s truncated expansion, on the other hand, such shortcomings can be avoided strictly.
Starting from four simple “Unrestricted and Combined” (U&C) approximation schemes introduced
elsewhere, an improved “Restricted and Combined” (R&C) approximation picture for Fock-matrix
elements now will be outlined, which does not tolerate any unnecessary oversimplifications. Although
the simplicity of the U&C scheme is lost in this case, R&C-approximated Fock-matrix elements still
can be constructed from one- and two-center integrals alone in an effective way. Moreover, due to
their dependence on a single geometric parameter, all types of two-center integrals can be calculated
in advance for about one hundred fixed interatomic distances at the desired level of sophistication and
stored once and for all. A cubic spline algorithm may be taken to interpolate the actual integral value

from each precomputed list.

Key words: Unrestricted (and Restricted) Hartree-Fock Molecular Orbitals; Integral Approxima-
tions According to Mulliken and Riidenberg; Zero Differential Overlap (ZDO); Neglect
of Diatomic Differential Overlap (NDDO); Extended Hiickel Theory (EHT).

1. Introduction

The main topic of this paper is Ridenberg’s letter
of 1951 with its two truncated expansions (symbolized
by I and 1) of diatomic orbital products [1]. In addi-
tion to Riidenberg’s proper concepts (R) in the sense
commonly used, we distinguish three other kinds of
Ridenberg-type approximations which are closely re-
lated to the schemes of Mulliken (M) [2], “Zero Differ-
ential Overlap” (ZDO) [3], and “Neglect of Diatomic
Differential Overlap” (NDDO) [4]. In particular, we
consider their application to Roothaan’s “Restricted
Hartree-Fock” theory (RHF) [5] of electronic closed-
shell ground states in its generalized “Unrestricted
Hartree-Fock” form (UHF) of Pople and Nesbet [6].

In a preceding contribution [7], we first of all in-
tended to interprete the consequences of an “Unre-

stricted and Combined” use (U&C) of Riidenberg’s ap-
proximations in UHF theory, apart from any numeri-
cal application. Within this context, the term “Unre-
stricted” indicated that the considered approximations
had been applied irrespectively of the one-, two-, and
multi-index or -center quality of the integrals involved.
(Note that “Unrestricted” in this sense has nothing to
do with the conceptual particularities of the “Unre-
stricted Hartree-Fock™ picture itself).
The analysis of [7] yielded the following results:

e The U&C use of Rudenberg’s Mulliken-type ap-
proximations (M.U&C) led to a completed understand-
ing [8] of the Wolfsberg-Helmholz formula [9] which
is a constituent part of the semi-empirical “Extended
Hiickel Theory” (EHT) [10].

e Furthermore, an improved Riidenberg-type variant
of M.U&C called R.U&C had been proposed, which is
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appropriate for non-empirical computer implementa-
tions, since it fulfills the “rotational invariance require-
ment” [11] of all ab-initio quantum chemical concepts.

e Supposing an orthonormal atomic orbital basis
set, our M.U&C and R.U&C frameworks immediately
converted into two additional “Zero Integral Over-
lap” (Z10) and “Neglect of Diatomic Integral Overlap”
(NDIO) pictures, which are partially identical with the
widely-used ZDO and NDDO approximation schemes,
respectively.

e We concluded in pointing out that all these four
approximations, which are commonly based on the
U&C use of Riudenberg’s ideas, imply considerable
oversimplifications.

In order to overcome such shortcomings, another set
of four “Restricted and Combined” (R&C) concepts
had been sketched. Here, the attribute “Restricted” in-
dicated the avoidance of particular oversimplifications
which is consistent with the corresponding level of ap-
proximation.

In the present article we now intend to work out
this R&C route of Riidenberg-type approximations.
For this purpose it is convenient, first of all, to write
down the UHF Fock-matrix representation in a par-
titive form which separates explicitly the different
one-, two-, three-, and four-index or -center interac-
tions from one another in an appropriate way. Each
of the four sections, which discuss the pictures of
Mulliken, Z10, Riidenberg, and NDIO type, is subdi-
vided into two parts. While the first part intends to ex-
plain, how oversimplications generally arise in certain
cases of three-index or three-center repulsion integral
approximations, the second subsection specifies the
“Restricted and Combined” approximation picture for
Fock-matrix elements. The equations of these second
subsections are constitutive for any forthcoming nu-
merical M.R&C, ZIO.R&C, R.R&C, and NDIO.R&C
investigation.

Finally, it should be stressed that such R&C routes
of approximations do not improve the quality of all
multi-index or multi-center integrals, in general [12].
Improvements, however, can be expected from the
fact that conceptual shortcomings of the standard
Mulliken-, ZDO-, Riidenberg-, and NDDO-pictures
are minimized in a way, which is designed to be well-
balanced in both attractive and repulsive energy contri-
butions.

2. Basic Equations

Within the Born-Oppenheimer picture of N, fixed
nuclear positions, standard non-empirical quantum
chemical methods [13] usually expand the de-
localized molecular orbitals {¥j(ri)|j = 1,...,No}
as linear combinations of N, atomic basis func-
tions {@,(ri)ju =1,...,No} = {Dy(ri — Ruw)|M =
1,...,Np;u = 1,...,ng(M)}. In the “Unrestricted
Hartree-Fock” theory (UHF) of Pople and Nesbet [6],
which is central within the scope of this paper, two
different molecular orbital sets have to be determined.
The a-spin “Linear Combination of Atomic Orbitals”
(LCAO), for instance, reads:

i=1,..,No. (2.1)

An equivalent second ansatz has to be made for spin
B. If one should find the unrestricted o~ and B-spin
orbitals to be identical, they both are of the restricted
form according to Roothaan [5]. Hence, Roothaan’s
“Restricted Hartree-Fock” theory (RHF) is formally
included in the more general Pople-Nesbet description.
We therefore restrict our discussion to UHF theory. If
necessary, all expressions can be translated easily into
the RHF picture.

In order to be more specific, (2.1) can be rewritten
as

Nn No(M) ]

Y (ri) = Y > dby(ri—RM)Cf‘M_ﬂ)j,j:l,...,No.
M=1 =1

2.2)

In contrast to the notation of (2.1), (2.2) explicitly
specifies the position vector Ry = (Xw, Ym, 2w ) of atom
M, to which all no(M) basis functions with index p
belong. While (2.1) will be chosen in discussing the
simple approximation recipe of Mulliken [2] and the
“Zero Integral Overlap” scheme (ZIO) [7], (2.2) will
turn out to be particularly appropriate in the context of
Rudenberg’s more elaborate integral approximation [1]
and the “Neglect of Diatomic Integral Overlap” con-
cept (NDIO) [7].

Four types of integrals can be distinguished within
UHF and RHF theories:
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e Overlap integrals

Suv notation 1

/% —Ru)®y (i —Ry)dri =
(’X' ’;‘) notation 2,
(233)

o kinetic energy integrals

1
—z/d)“(ri — Ru) [A(r))®y (ri — Ry)]dr,

K notation 1
= (2.4)
KM,u)(N,v) Notation 2,

i i aZ az aZ
with the Laplacian operator A(r;) = 9 + o7 + pEL
and

e nuclear attraction integrals
—Zp/q)u —Rwm)|ri— Rp\71®v(ri —Ry)dr;

Vuv(P)  notation 1
= (2.5)

MpN :
(u PV> notation 2,

with the atomic number Zp of nucleus P, depend on
the three Cartesian coordinates r; = (x;,Yi,z) of one
electron only. Using the chemists’ notation, the six-
dimensional

o two-electron repulsion integralsread as follows:

//CD“ — Ru) @y (i — Ra)|ri — 1|2 (rj — Ry)
(uv|tA)  notation 1

D, (rj—R)dridr; = (2.6)
(’;f’;‘ Ik) notation 2.

Hence, three-index (notation 1) and three-center (no-
tation 2) integrals can be of attraction and repul-
sion type, whereas all four-index (notation 1) and
four-center (notation 2) integrals are exclusively re-
pulsive.

Atomic units (a.u.) are used throughout this paper.
For convenience, all atomic functions are taken to be
real, normalized, and locally orthogonal.

2.1. Standard Formulation of UHF Theory Using
Notation 1

Next, we write down two different, but equivalent,
formulations of the unrestricted o-spin Fock-matrix
representation. Using the first notation we can write

Nn No
F[ftxv = Kuv + ZV,UV(P)+ Z PSL([,LV‘TA)
P=1 TA=1
—_——
dEfFA e
No
= > Pe(utvA), pv=1,..No. (27)
T,A=1
—
défp}?vE

The symbols A, C, and E stand for the Attrac-
tive, Coulomb, and Exchange parts of the Fock-
representation, respectively. The a-spin density matrix
with elements

Ng
= 2, CraClla (2.8)
a=1
has to be constructed from the occupied ¢-spin coef-
ficient columns of (2.1), arranged in ascending order
with respect to the corresponding orbital energies. N,
denotes the number of a-electrons in the molecule.
Again, equivalent expressions for 3-spin have to be
formulated analogously. The total density matrix is de-
fined through
PY = P> 4 PP, (2.9)
In the RHF theory, however, no second equation for
B-spin is needed, since in this case N, = N3 and the
molecular orbitals are restricted to be doubly occupied
in general. Consequently one finds in this case that
P* =pPP = 1p?.

2.2. Partitive Fock-matrix Representations Mainly
Using Notation 1

With a second formulation of the three definitions in
(2.7) we intend to separate explicitly from one another
those terms, which represent four-index and three-
index interactions. Furthermore, both groups will be
isolated from two- or one-index terms [14].

Since the second notation also specifies the atomic
index, it is more appropriate for a partitive formulation
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of the attractive contributions to the Fock matrix. Ex-
ceptionally, notation 2 will be used in this case. There-
fore, we write for the off-diagonal attractive part

A= 3 (MRY) - (MNY) + (M),

P=1
—~—
NAM P#MN EO A ) )
—_————
d
20 A )
(2.10)
A S (MpM My M
Fivomy) = 2 (uPV>+ (ﬂM V> (2.11)
~———— P=1 —
V?'él'l ~ if(o)
P#M =AMy M.v)
————
EOAW M)
For the diagonal attractive part we write
LVERY M pg M
u):zfl (Hpﬂ>+ (ﬂMM> (2.12)
~ def
P£M =OAM 0 M)
—————
EOAW M40
For the off-diagonal Coulomb part we write
z z S (uv|TAd) + z 2 (uv|t)
v
V#L v v v
TEUY A#u,v,T TF#U,V
e, 2,
+2 2 o (uviTa)+2 2 © (uv|tv) +0cy,,
Ny Ny
TEUV TEU,V
3, ®fa)c,,
(2.13)
with
def
O)C,y = Py (wvip) + Py, (uvlvy)
——
vEH (2.14)

+ 2Py (nviuv).

759

For the diagonal Coulomb part we write

No No
=2 > 2 (upler)
=1 A=1
——
TEN AFu,T

No
PO (upltd)+ Y P
=1

~—~
TEU

1) e, e,

+22

v

TEU
—_————
def( 3)

o (uplTu) + Py (ulup) . (2.15)
%/_/

def( )Cpp

Cup
For the off-diagonal exchange part we write
% (ut|lva)+ 2

=1
~—~

TF#U,V

NO O
aE
Fiv =2, 2 7 (utlve)
~~ =1 A=1
VAL~
TEUY A#u,v,T

def(2) g

def,
€T(1) Egv &

+Z

v
THEU,V

o (uelvu)+ 2

v
THEU,V

% (ut|vv)

dﬁf(:g) Eﬁv def(4) Eﬁv

+Z

v
A#u,v

(U va)+ 2

A=1
~—~

AF#W,V

o5 (Lv|va)

defi5)pa

def
= & =6

uv

+ OEg, (2.16)

with

def
O, T P%, (uplvu) +P% (uv|vv)
——

vEH (2.17)

+ By (uuvv) + Py, (uvivu).
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For the diagonal exchange part we write

For = Z Z % (utlud)+ Z e (utlut)
Q/\/ Ny
TEL A#U,T THEU
gy, Logg,
No
+ > Pr(utlup) + Z o (Lulpd)
=1
N v
T#U AFu
HOe, HoEg,
(2.18)

+ PY (uplup).
—_——
Logg,

Once again it should be stressed that the ensemble of
the partitive formulations of (2.10) ...(2.18) is com-
pletely equivalent to the standard formulation of (2.7).

2.3. Sandard Fock-matrix Representations Using
Notation 2

Choosing the more specific second notation, the for-
mulas (2.7) and (2.8) now read

Nn
MpN
F((')\(AJI)(N,V) = K(M7“>(N7V> + PZ:L (u PV) (219)
N
defFA
(M.)(N.v)
%nouz(’@ A(MNTE)
TvL:]- 7=1 A=1 T L T
def
_F('CW 1)(N,v)
n o(T) no(L
_ %‘ no( )n()PO% . (MT NI/{>
TL=11=1 A=1 ML) \ur|v
def—
éF('\/IE.u)(N v)
M’N:1’.“,Nn;‘u:1""anO(M);V—17 7n0(N)7
Zlcgf (L) (2.20)
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2.4. Partitive Fock-matrix Representations Using
Notation 2

With a second formulation of the three definitions
in (2.19) we intend to separate explicitly from one
another those terms, which represent four-center and
three-center interactions. Furthermore, both groups
will be isolated from two- or one-center terms [14].

For the off-blockdiagonal attractive part we write

= 3 (e () ().
~—~

A
Fivmn,)

——
N#£M
’ PAMN EO AW 1))
~—_————
T A ) 1)
(2.21)
For the blockdiagonal attractive part we write
N
Foomn = 3 ("PM)+ (MMM (2.22)
(Mp)(M,v) — uhov py '
P=1 -~
/ def(o)
P#M =AM M.v)
~——

AWM
For the off-blockdiagonal Coulomb part we write

C
FMmmy)

|
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s % No(T) No(N) 0o (M NIT N) For the off-blockdiagonal exchange part we write
“ e A (TN \ v iTtA FaE
T;évMAN (M,u)(N,v)
e N#£M
=YCM Ny
Nn No(T) Ny  no(l)
+ 0Oc 2.23 _ o (M T|N L)
| (M.u)(N,v) (2.23) = g,l DYDY Prowmluc|va
with ~  ~~
T#MN L£MN,T
No (M) no (M)
0 def D MN|[MM def(1) - o
OCmummy = Pt (u vt A) =BG v
%/_/ T:]. l:l
N#M
No  No(T)no(T) MTINT
o(N) o (N) + P (;1 t|v A)
n pe (M N[N N) T=1 =1 i=1
(NN \pv|TA ~—~
=1 A-1 T#MN
def () —or
No(M) N (N) . =B oy
®
+2y X PM.ona) (u vt )L)' (2.24)
=1 A=1 Nn  No(T)No(M) MTINM
104
For the blockdiagonal Coulomb part we write: + = A A Rroma) (ﬂ T|v l)
—~
£C T#MN
(M.)(M,v)
&ef(3) g
No Mo(T) Np No(L) N M) (N.v)
: o (24078
T=1 =1 L=1 A=1 LA Ak vzl Nn  No(T)no(N)
Ny Ny’ i quz_ - (MT NN)
T#M LAM,T R R (TOMNA) \ 1 t|v A
def(q) T\l\//IJN
=UCmumy) 7M,
def
Ny To(T) o (T) =BG vy
+ P ora) (';sz/I Ul)
JoL =l ast No  o(M)no(L)
TIM + po (M M| N L)
M) LAY\ T|vA
"™ (=1 1=1 i-1
=@Cwmu) M) LAMN
Nn No(T)no(M) ¢fi5)gar
+23 > Y Proma (l:f'\él :%) )
T=1 =1 A=1
~~ o(N) no (L
T#M n < n()n()Pa A(MN NL)
N,7) (L, 2
def, Con o) =1 7=1 A=1 NG ATy
' LAM,N
& el MM|MM def
* 1 2=1 P(M.r)(MJ)(u vt A) (225) =(G)E(Mw(Nv)
T= =
EOC ) ) +© EfM Ny (2.26)
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MM|NN
+ P(%/I,r)(N.A)(u T v)L)

o M N
+ Phiaon (Y

.
(2.27)

For the blockdiagonal exchange part we write

E MT|(ML
Fiv ) S 3 Phown (V)

+ 2 Pioma (l:IMTA “f“f) (2.28)

defo
=G 1)

It should be stressed once again that the ensemble of
partitive formulations of (2.21) ... (2.28) is completely
equivalent to the compact formulations of (2.19).

2.5. Approximations for Integrals and Fock-matrix
Elements

We now turn to the discussion of four approxima-
tion methods connected with the names of Mulliken
(M) and Riidenberg (R) and the acronyms ZIO (“Zero
Integral Overlap™) and NDIO (“Neglect of Diatomic
Integral Overlap”). Z1O and NDIO can be regarded as
two-electron extensions of the well-known ZDO and
NDDO schemes, respectively.

These four approximation methods are commonly
based on Riidenberg’s ideas contained in his famous
short paper of 1951 entitled “On the Three- and Four-
Center Integrals in Molecular Quantum Mechanics”.
Obviously, this title suggests that Riidenberg does
not recommend his approximation for all types of
two-center integrals. When applied to certain three-
center repulsion integrals, however, his recipe still im-
plies considerable oversimplifications, as we shall see,
which have not been discussed explicitly in his con-
tribution. Using both one- and two-electron routes of
Rudenberg’s expansion, on the other hand, these short-
comings can be strictly avoided.

The simple recipes of Mulliken type discussed be-
low, as well as the even more primitive ZIO scheme,
will be considered here in the sense of a preliminary
study. In general, both simplifications are not invariant
with respect to rotations of any local coordinate axes,
for instance [11]. Thus, they cannot be applied with-
out imposing additional assumptions. Riidenberg’s in-
tegral approximation as well as the NDIO concept, on
the other hand, fulfill this rotational invariance require-
ment automatically. In our view, only these two are of
practical interest in connection with a non-empirical
LCAO method. Nevertheless, since they are closely
related to Mulliken’s recipe and the ZIO scheme, an
analysis of the two simpler procedures is obligatory,
too.

Besides the integral approximations themselves, our
interest is focussed on their effect for the evaluation of
matrix elements occuring in the UHF representation.
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3. Approximationsof Mulliken Type

3.1. “Unrestricted” and “ Restricted” Integral
Approximations

In particular, Mulliken’s approximation intends to
reduce the four-index repulsion integrals to others with
only two indices. According to Ridenberg, this aim

(1) {@u(ri) @y (ri) M) =

%{(Pﬂ(ri)(pu(ri)+(Dv(ri)‘pv(ri)}. (3.1)
Alternatively, one can also impose this primitive
recipe on six-dimensional two-index two-electron or-
bital products:

can be reached in two ways. The first (standard) ap-
proach consists in reducing a differential two-index
one-electron density to the corresponding one-electron
overlap integral and the arithmetic mean of the two re-
lated differential one-index one-electron densities:

(") {‘pu(ri)‘pv(rj)}[Mﬂv} =

)Py (r )+ch(ri)<Dv(rj)}. (3.2)

St

In a Mulliken-type treatment of four-index repulsion integrals each of both routes have to be passed through
twice:

() (uvlen) Mo o 2 pfea)Mal 4 (v
S”vsm{umn' + (UU[AA) + (vv[TT) 4+ (VV|AL) ], (3.3)
() Guvfea) M= 3 L ) M) (v}
:@{(uﬂuv)—i—(uMu?L)—i—(‘L'v|rv)+(r?t|r?t)}. (3.4)
Having interchanged the indices v and t, (3.4) equivalently reads:
() (urlva) MM = 3 L )] (vriva) ™)
:@{(ur\ur)+(uMu?L)+(vr|vr)+(va?L)}. (3.5)

In addition to these formulas, which are already contained in Riidenberg’s letter, let us consider the three-index
repulsion integrals (uu|tA) and (ut|uld).
(1) Using two one-electron approximations of Mulliken type we get

(s ) M) = (gl d )Mol = S ((upafee) + (ualA2)) (36)
(el ™M) 2 L) M)+ (el M)
= SR upe) + (ulA2) + (eelp) + (el ). (37)
(I1) Using two two-electron approximations of Mulliken type we get
(up )M = 3L M5 (o) M)
= @{(uuluu) + (uAlud) + (zplTp) + (TA[TA) ], (3.8)
(welud) MM (a2 )M = S (elu) + (uafud)} (39)
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Hence, applying Mulliken’s approximation twice im-
plies an oversimplification of the two-index integral
(e |eA)Mid) in (3.7) and of (uplur)™e2! in (3.8).
Obviously, the formulations of (3.6) and (3.9) should
be preferred, because Mulliken’s simplifying recipe
there has been used only once. While the oversimpli-
fying “unrestricted” branch of approximation has been
discussed comprehensively in [7], we now turn to the
corresponding “restricted” route, which avoids such
shortcomings.

3.2. “ Restricted and Combined Mulliken” Aproxim-
ations (M.R& C) for Fock-matrix Elements

The term * “Restricted and Combined Mulliken” ap-
proximations (M.R&C) * indicates,

e that both one-electron and two-electron routes
of approximation are combined in the sense outlined
in [7], and

e that in this subsection we are going to distin-
guish four-index and three-index interactions from one
another and those of two-index or one-index type.
All different types of three-index integrals occuring
in (2.10) ...(2.18) will be treated in such a way, that
oversimplifications are avoided by applying Mulliken’s
approximations only once. Furthermore, this time all
one- and two-index interactions are considered to be
evaluated accurately.

Distinguishing off-diagonal from diagonal matrix
elements, we define according to (2.7)

! aMR&C] . — Ky +F AMR&C]
H—’
VEU
FEV[M.R&C] B FI?VE[M.R&C]7 (3.10)
a[M.R&C] . _ A C[M.R&C] EM.R&C].
Fuu = Ky +Fp 4+ Fup —Fyn
(3.12)

For the off-diagonal attractive part we define according
to (2.10) and (2.11), respectively,

AMR&C] . (0 1) AMY
P () = )A(M#)(Na‘/) + )A(M,p)(N,v)» (3.12)
—

N#AM

AMR&C] . (0 1) AMY
Fov) (v) = Ay + )A(M#)(M v (3.13)
—

VEU
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For the off-diagonal Coulomb part we define according
to (2.13)

Ingl |
E‘[}MR&C] _(0) Cuv + ()CMM]"‘(Z)CE\C]
——
VAU

+20cM @M (3.14)

For the diagonal Coulomb part we define according to
(2.15)

C[M.R&C Mm!
Fus F=0 ¢+ i +@ Cpy + 200,

(3.15)

For the off-diagonal exchange part we define according
to (2.16)

aE[M. R&C] aM'™™M"] 2y M
Fiy O Eg, +WEL +@ELN
V#U

_|_(3>E3\[/M“]+(4) Eﬁ\[}MI]+(5) Eﬁ\[}MI]+(6) Eﬁ‘\[}M“]. (3.16)

For the diagonal exchange part we define according to
(2.18)

I:‘?“E[M RE&C] ._(0) EO‘ Eﬁ;[zM“] e Eﬁp
3 5

+ s +OEL,. (3.17)
The different quantities occuring in the (3.12) ... (3.17)
are defined as follows [14]:
1AM o
DA Ny = (3.18)

N#AM

~— ~—
P+M.N P+M.N
def, def,
EDAM )N EDAMNY.v)
with
(1.1) S (MM Mp g M M M
' A(M~#~,ﬂ)(N):P l(ppu>_<yMp>_<pNy>
S———— =
N#AM —_——
—FA
(M,u)(M, )
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and
Nn
12 NpN Npg N NN
( )A(M)(N=V=V):Pz41<vpv>_<va>_(va>'
—_—— Pz
N#M T’
RNy
(1) AlM'] .
Ay = 0-
—_————
V#U
[MM] NO 0 M 0
Rlon &,v > Z @ (uufea)Mal 4y Z © (vvjta)M
W =1 =1 A=1
V£ ~~ v N~~~
THUY AAU,V,T TEWY AELUV,T
dgf(u)cl[l'\ﬁ'] dgf(lAz)C‘[/Mv']
with
M . Q
Hel = 3 z PS5 { (7o) + (uula2))
H/_/ =
V#L \/ \/
THLV AAU,V,T
No
=Y, (ua]e0) {(POS)er — 5~ PiiSve— PieSue b — (it vw) { (PS) — 2P, —
N
TEU
and
No  No
L2)cMT._ =5 1 vv|TT) + (VV|AA
W= X X Pasasz{(im+(wirk]
VEU —
TEUY A#u,v,T
No
= Y (wler) {(P°S), — P — P& Sty — PiiSue  — (vvlum) { (P79),,, — 2P, -
-1
Ny
T#V

No

765

(3.20)

(3.21)

(3.22)

(3.23)

RS}

(3.24)

PivSuv |-

Wi = 2 2 P5 Su 2{ (uptlee) + (uula2) f = Y, (upler) {(P°S), — P —PiiSic ). (3.25)

=1 =1

\/\/ —~
TAL A#U,T TEU
I
@cl = s, { Z o (uulTt) + z vvrr)}
N—— =1
V#£U \/ ~~~
TEUV TELY

*f21)c,, *f22c,,

(3.26)
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with
2.1 i
@UCy, = Y, Ph (uultt) — P (uuvv)
SN—— =1
V#U ~
TEU
and
Z L(vv]TT) =P, (vv|vv).
e v
T#V
3) M No @
Cuv Z eSve (Uvvin)+ Y, PSS (utlt) ¢,
H/—/ =1
VAL v ~—
T#.uav T#.uav
®f31c,, *f32)c,,
with
(3.1) _ ® _p® _p®
Cuv (.uv‘v.u){(P S)uv Pyv PuuSVH}
VEU
and
B¢, = Z eSvr (M| Ti) — Py (uvivp).
H/—/
V#U \/
TEU
II
Ole [M { 2 P& Sz (uvuv) + 2 VS”T(TVTV)}
H/—/
V#U \/ \/
TEWLY TEUV
®fa1c,, a2,
with
(4'1)C/Jv = (.UVWV) {PGSVIJ - P/:cth - Pvevsliv}
——
VEU
and

2 > Sy (Tv|TV) — Péﬂ;{s,w — 1} (vv|vv) —

V#U \/
T4V

Piv (Lvipv).

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)
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No No No No
WM s, { S X Paweun)e 3 Y fi(vrv?t)[“”'f'ﬂ}, (3.35)
— - =1 -1
VE#U v \/ ~ =~
TEWY A#U,v,T TAWY A#u,v,T
(gf<1.1)E3LM“] def(1.2) goM"]
with
(L1) OC[M“] No No P 1
VB =2 X P% Sur - 5 { (uTlue) + (uAlud) } (3.36)
—_———
V£ \/ \/
TAUV AFUV,T
No
= 3. (elut) {(PS) e~ Phe PcSe —liSic = (uvluv) {(PS), — 2R, — Pl Suv |
N
TEU
and
azgaM" SRS i
2 2 P% S, - {vr\vr)+(vl|vl)} (3.37)
vl NSNS
TEWV AAUV,T
No
= 3, (velve) {(PS)ee P~ PSSty ~ FfSuc = (valvia) {(PS)y ~ 2P, — P S .
T=
—~
T#V
“] O O NO o o o
-3 3 Pasa e+ @ilua)} = Y, (uelun) {(PS) — PE —PESi ) (339)
=1
NN N
TEL A#U,T THEU
1
,%M - S,w-—{ Z o (utjut)+ z vr|vr)} (3.39)
—— =1
v#£U \/ ~~~
TEW,V TEW,V
d=ef<z.1>E;,xv d=ef<2A2>Egv
with
CUER, = Z o (utlut) — P, (uviuv) (3.40)
H,_/
VAl =
TEU
and
@IEy, = 2 ‘L (vT|vt) —PE (vv|vv). (3.41)
R/—/
V#U \/

T#V
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@gaM._ { Z eSve (Lv|vin)+ 2 rsw(”f“”)}’

v TAU,V TAU,V
d:ef(&l)Eﬁtv def(3 ) Eg,
with
(3.1)Eﬁv — (IJV|VIJ) {(P@S)ﬂv _ ng _ P;LX;LSV[L}
——
VEU
and
BIEL, = Z 0 Sve (t|Tp) —Pg, (uvlvi).
H,_/
VAL v
TEU
a[M' No
Z Py Suc (uulvv)+ Y, PLSuc(tTlvv) ¢,
* N NG
\%
g T T
d=ef<4.1>E;,xv d=ef<4A2>E;,xv
with
SUEE, = (uulvv) { (P*S)u — Pl — Pl Sy }
——
VEU
and
(4.2) Ea — 2 % Sue ﬂ\vv)—PS‘V{S”V—l}(vv\vv)—Pﬁv(uu|vv).
R/—/
V#U \/
T#V
m!
BT { 2 PY Syz (ut|vv) + 2 Plsvuuuw}
H,_/
VF#U \/ \/
AF#W,V AF#W,V
def(s.1) E%, def(5.2) ES,
with

SUES, = (uplvv) { (P*S)uy — P, — P Sin )
~——
V#U

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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and
G2ES, = 2 P Sva (HEIAL) — B Svy (1 |vv). (3.50)
H,_/
v#£U \/
A#U
()Ea[M“]. 2 P% Sua (uv|vu) + 2 P% Sur (Av|vA) (3.51)
H/—/
V#U v \/
AF#W,V AF#u,v
d:efm)Egv d§f<6.2>Egv
with Z10 scheme which also refers to Riidenberg’s funda-
mental distinction:
OVEL, = (uvivir) { (P*S)uy — Pl — PSSy} ol
vy (1 {d)u YDy (1 )} = 5pv‘pp(ri)q)y(rj)~
(3.52) (4.2)
and Again, in a ZIO-type treatment of four-index repulsion
integrals each of both routes have to be passed through
twice:
C2Eg, = 2 % Sun (AV[VA) = P (wv|vi).
| vizA) 210y ZIol; ] . 5, TA)1Z10;
e ;; (1) (uvlta) v(up|ta) 43)
v = Ouv O TT),
(3.53) v S (U] T7T)
T viTa ZIO ZIOM] —6 viui [ZIO
(1) (uv|za)! t(uv|ul) (4.4

4. Approximationsof ZIO Type

4.1. “ Unrestricted” and “ Restricted” Integral
Approximations

If one assumes the atomic orbital basis as being not
only locally but globally orthonormal, all overlap in-
tegrals occuring in the context of Mulliken-type ap-
proximations have to be substituted by the correspond-
ing Kronecker symbol (“Zero Integral Overlap”, Z10).
What follows is partially identical with the “Zero Dif-
ferential Overlap” description (ZDO) originally intro-
duced by Parr [3] for an approximate treatment of two-
index one-electron densities:

— { Dy (ri) Dy (17) } 2P0

1= Ouy Py (1i) Py (ri).

This well-known ZDO picture, however, now is sup-
plemented by an analogous two-index two-electron

) { @)y (i)} HO

(4.1)

= 5“T5V;L(LLV|,LLV).

Having interchanged the indices v and 7, (4.4) equiva-
lently reads

I (utlva)Ziouyziol] . = Sy (uTlud (z10Y, ]
() (uelva) v(pelpd) (45)

1= OuvOra (LT|UT).

In addition to these formulas, let us again consider the
three-index repulsion integrals (put|tA) and (uz|uld).

(1) Using two one-electron approximations of ZIO
type we get

T)[2104, 210k ] . 722105,
(up]zr) = (up|ta) 45)
1= 6 (up|t7),
| | |
(el 2O #0m] = by (| pa) O
4.7)
= Sur Sy (Rptlpp).
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(11) Using two two-electron approximations of ZI10
type we get

(i 72) PRl s g (apa] ) O

(4.8)
1= Our8ya (Hplpp),
- /1[2|0HHZ|0'T'A] —(ut x[zm'f'l]
(utlpd) (utlpd) 49)
=0 (ut|ut).

Hence, like in the discussion above, applying the ZIO
scheme twice implies also an oversimplification of

the two-index integral (1) %! in (4.7) and of

(e e2) %) in (4.8). Obviously, the formulations

of (4.6) and (4.9) should be preferred, since they use
the simplifying Z10 recipe only once. While the over-
simplifying “unrestricted” branch of approximation
has been discussed comprehensively elsewhere [7], we
now turn to the corresponding “restricted” route, which
avoids such shortcomings.

4.2. “ Restricted and Combined ZIO” Approxim-
ations (Z10.R& C) for Fock-matrix Elements

The term * “Restricted and Combined Z10” approx-
imations (Z10.R&C) * indicates,

o that both one-electron and two-electron routes
of approximation are combined in the sense outlined
in [7], and

e that in this subsection we are going to distin-
guish four-index and three-index interactions from one
another and those of two-index or one-index type.
All different types of three-index integrals occuring
in (2.10) ...(2.18) will be treated in such a way that
oversimplifications are avoided by applying the ZI10O
recipe only once. Furthermore, this time all one- and
two-index interactions are considered to be evaluated
accurately.

Distinguishing off-diagonal from diagonal matrix
elements, we define according to (2.7):

ZIO.R&C A[ZIO.R&C
Fol Vi Ky + N )
VAU
C[ZIOR&C Eziorac) (4.10)
+ Ry O REC _pRAIoRed,
FOlZIOREC] . _ | EA
Hy Hu uu (4.11)

ClZIOR&C]  E[ZIO.R&C]
+ Fuy —Fuy :
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For the off-diagonal attractive part we define according
to (3.12) and (3.13), respectively,

[z10"]

AIZIOR&C] . (0 1
F = A gy + AM1) (Nv)-

(Mu)(Nv) -
————
N#M

(4.12)

(z10]

AIZIOR&C] . (0 1
F = A gy + AN (M)

(M,p)(M,v) -~
N————
VEU

For the off-diagonal Coulomb part we define according
to (3.14):

C[ZIO.R&C
FIJ‘[’ ] ::(O) C'uv +

N—_————
VEU

(4.13)

1) CLZJO'ZIO'] (4.14)

| 1l 1
+ @0l 1200 4 24O,
For the diagonal Coulomb part we define according to
(3.15):

Fli[lzm.R&c] —(0) Cu L@ CLZAOI] +@ (o +2(3)c““,
(4.15)

For the off-diagonal exchange part we define according
to (3.16):

1l 1l
Fly(lva[ZIOR&C] .—(0) ES, ey Eﬁ\[’zm zi0'
e afzio"] a[zIo"
+@ X" ) ggf
(4.16)
+@ ggf70 49 g2
1]
+O LA

For the diagonal exchange part we define according
to (3.17):
FaE[ZIO.R&C] —(0) g (1) Ea[ZIO”]
[ (i M 417)
2 3 5
+@EZ, +OEY, +OEZ,.

With the additional assumption of a globally orthonor-
mal atomic orbital basis, the different quantities occur-
ing in (4.12) ... (4.17) are defined as follows. From
(3.18) and (3.21) we get:

(1)AlZI0._ g

w_ T (4.18)

VEU
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From (3.22), (3.25), (3.26), (3.29) and (3.32) we get

(1)CLZJO'ZIO'] _Q) Cszllo'] _ (2)Csz|o']

——— ——
VEU VEU
1] 1] (419)
— @)zl — )zt — o,
—_— Y
VEU VEU

From (3.35), (3.38), (3.39), (3.42), (3.45), (3.48) and
(3.51) we get

(1>Ea[2|o"2|o“] ) Ea[ZIO”]

uv it
N—————
VEU
. (z)Ea[ZIO”] _ (3)Ea[ZIO”]
- uv - uv
—_— Y
VEU VEU
_ (4)Eo¢[ZIO'] _ (5)Eo¢[ZIO'] (4.20)
- uv - uv
—_—— Y
V#U : V#U
Z10
— OO 0.
N——
VAU

The off-diagonal matrix elements of (4.12), (4.13),
(4.14), and (4.16) now can be rewritten:

A[ZIO.R&C] . _ (o)
Fuv =
N————

VEU

A
Y (4.21)

FE\EZIOR&C] ::(0> va’
—_——
V#U
E[ZIO.R&C
I:MO‘v [ l._(0)
~—————
VAU
And the diagonal matrix elements of the (2.12), (4.15),
and (4.17) finally read

(4.22)

E% .
H (4.23)

FAZIOR&C] . (0)

AL - (4.24)

A+ Ay,

FE}[LZIO.R&C] =0 ¢, +@C,,+20)C,,, (4.25)

m (e

)t ::%{”"%”(MB) (y

w=1

(M) o (T)
1{2 (1) [”i (1%

u'=1 =1

TL
TA

FocE[ZIO.R&C] ._(0)

2 3 5
i =SB + )Eﬁu + )Eﬁu + )Eﬁu'

(4.26)

5. Approximations of Riidenberg Type

5.1. “Unrestricted” and “ Restricted” Integral
Approximations

In particular, Ridenberg’s approximation intends
to reduce the four-center repulsion integrals to those
of two-center type. According to his letter of 1951,
this aim can be reached in two ways. The first (stan-
dard) approach consists in expanding a differential
two-center one-electron density as follows:

(1) { @y (ri — Ru) @y (ri — Ry) } R (5.1)

no(M)
{ > (;’\f' ’\\/l> Dy (ri —Rm) Py (ri —Rwm)
1

+ Y ('L"L“,)(Dv/(ri—RN)tIJv(ri—RN)}.
=1
Alternatively, one can also impose such an expan-

sion on six-dimensional two-center two-electron or-
bital products:

(1) { D (ri — Ru) Dy (r; — Ry) } R (5.2)

1 no(M) M N
::E <y,v>®u(ri—RM)®“/(rJ—RM)

o (M 0) @y (ri = RNy 1 —RN)}.

In a Ruidenberg-type treatment of four-center repulsion
integrals each of both routes have to be passed through
twice:

o(L)
ICHIMESAEICHED)
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no(L

SR E e en ]}

1

) <'L/"\\" Il)_L)[RMTRNL] :%{r:’Zl mk)ﬁ“ﬂ_}_iﬁj(,\:;) (I,’\\/l :k)mud}
A A CHICH R AICT] I
W=t vi=1 A=1

AR EDIIDIN

Having interchanged N and v with T and t, respectively, (5.4) equivalently reads
RY, ]
NL
v l) }

o ()™= S () (™ () (e
2R () ()] e
no(L)

VN nO(T)TL NT|NT 2 TLY/NL|NL
+ Z (uv’) Z (r’l)(v’r vr’>+2(rl’><v’l’ vl) :

vi=1 =1 Al=1
In addition to these formulas, which are already contained in Ruidenberg’s letter, let us consider the three-center
repulsion integrals (Z"‘v" Ik) and (’;ﬂ “j}z)

(1) Using two one-electron approximations of Riidenberg type we get

< 2

(1) 7y ::;{i‘g(;;) (wuD) =3 (20 (0 ,5,;)}7 59
(o) S (o (o) ) (12
18 e [ ey um e LS v (L
:Z{ﬂ§1 <M T) [vél <v l)(u w vw>+}u2‘1<v l’)(pu”l’l>‘| (5.7)

LI EHIGEL R ACHITDI

(11) Using two two-electron approximations of Riidenberg type we get

<,L/|,\‘f| I',{YRRIATRI“IAL} Z%{rrgj(rﬂ:> (’;/l”\\f' (T)

%>[RML]+"°21 (Z' L) (m I;LL)[RML]}
7=

e[S eneEene] e

vi=1 A'=1
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NI
T'=1 vi=1

MT|ML [RII\IAMR%!L] . (MT|ML [R%!L] . 1 nD(T)
<pr vl) '_< rvl) ) Z(
=1
Hence, applying Riidenberg’s approximation twice
implies an oversimplification of the two-center inte-

R
gral( “‘fk>[ML]|n(57)andof(“lf"‘fm'i Fia]
in (5.8). ObV|oust, the formulations of (5.6) and (5.9)
should be preferred, since they use Riidenberg’s recipe
only once. While the oversimplifying “unrestricted”
branch of approximation has been discussed compre-
hensively in [7], we now turn to the corresponding “re

stricted” route, which avoids such shortcomings.

5.2. “ Restricted and Combined Riidenberg” Approx-
imations (R.R& C) for Fock-matrix Elements

The term * “Restricted and Combined Riidenberg”
approximations (R.R&C) * indicates,

e that both one-electron and two-electron routes
of approximation are combined in the sense outlined
in [7], and

o that in this subsection we are going to distinguish

™M
v
TL MT
T A ur

) () (|}

5 M L)} (5.9)
v A . '

T+ 3 (TH) (M
A'=1
simplifications are avoided by applying Riidenberg’s
approximations only once. Furthermore, this time all
one- and two-center interactions are considered to be
evaluated accurately.

Distinguishing off-blockdiagonal from blockdiago-
nal matrix elements we define according to (2.19)

aRR&C] | AR.R&C]
Fo ) -= K () +Fov iy
N+#M
7 + FSRR&G  paERRa) (5.10)
(M,u)(N,v) (M,u)(N,v)
«[RR&C| . A
Fia )y = Ky aw) +Fiw oy m)
C[R.R&C] aERR&C]  (5.11)
+ Py ~ P vy

For the off-blockdiagonal attractive part we define ac-
cording to (2.21)

four-center and three-center interactions from one an- pARREC] . (0)p My + @ R . (5.12)
other and those of two-center or one-center type. All w (MA)NY) A
different types of three-center integrals occuring in N#M
(2.21) ...(2.28) will be treated in such a way that over-
For the off-blockdiagonal Coulomb part we define according to (2.23)
CIRR&C] . (0 R'R'] R'] R"] R"]
Fotgomy) = Comm e T PCaagmmn + Commmnn +2¥Cmmnn +29Cmpny-  (6:13)
N£M
For the blockdiagonal Coulomb part we define according to (2.25)
CRR&C] . (0 1) <R 2 3
F(Mau)(M,w = >C<M 1)M,v) + >C(M.u)(Mﬁv) + >C<M~,u)<M,V> +2! )C(M#)(MW (5.14)
For the off-blockdiagonal exchange part we define according to (2.26)
0ERR&C] . (0) pa alR"RY) alRM) 3) geR"]
Fovanvy = B 7 B 7 By 7 B v
M 5.15)
N#M (5.
a[R!) a[R"]

()R]
+VEmupmy)

(5) (6)
+ E( Wy T E

(M,u)(N,v)*
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For the blockdiagonal exchange part we define according to (2.28)

aE[RR&C] . (0 1) =o[R"] 2) 3 5)
Formnw = Enmn 7V Enmn 7 Ehmmn T Emmn +O Efmmy-  (616)

The different quantities occuring in (5.12) ... (5.16) are defined as follows [14]:

no(M) Nn no(N) Np
) AR - 1{ MN MpM) 4 MN NP } (5.17)
(:l/:;/)l(N,v) > y,zzfl (u v> é (u u> ‘E'l (uv) Pg'l (v v>
P#£M,N P#M,N
—_——— —_————
d=ef(l‘l)A(rvLu.u/)(N) d:ef(l‘z)A(M)(N,v/,v)
with
Nn
O A g =PZ (i) = (himp) = (hingh) (5.18)
— =
N#£M N——
=FA
(M.p)(M,u")
and
Nn
(l'z)A(M)(N.v',v) = le (L\lf Pt‘) - (C‘/M T) - (vN'N ld) : (5.19)
—_—— —
LAy
TUINV(NY)

Introducing the abbreviation

)

no(M
def M N
Q= 2 P (M%) (520)
IJ:
we define:
o (M h No(T h No(L
(WR'RY 1 ni)<M N> % R n()Pe (MM T|_>[R'TL]
(Mu)(Nv) " 9 i A A =] = (ToOLA) \pp|ta
N#£M ~~ ~~
T#MN L£M,N,T
def(1 1)~[R!]
HUC ) (5.21)
o (N Nn o(T Np o(L .
e 33 Y™
V=1 YOS5 & A=1 T \viv]e
T#MN L£M,N,T
def(lz)C[R|]



W. Koch et al. - Riidenberg’s Approximations in Molecular Orbital Theories of Hartree-Fock Type 775

with
n o (T n o (L o (T oL
(1.1)C“;:] . Nn No(T) N n()PfP} N E{ni)(T/I,O (MM/ TT/)—i—nX(‘)(T/I{/) (MM /{-/i)}
( LU )( ) = S A (T,7)(L, )2 = T H U TT = T nou
_N;M — -~
T#MN LAMN,T
Ny No(T)
MM|TT
B Tgl rr=1 (IJ W T') {((PQS))(T 7)(T,7) P(eTaT)(T,T’) Q(N)(Tfﬂ’) B Q(M)(Tv7=7')}
~
T#M
no(N)
MM|NN Q
- Zl(u ) { (P meniey — 2Py — Qe | (.22)
T,7=
and

1.2)~R"] . ooy el ® 1[0 TLY/NNI|TT "D TL NN|LL
' C(M)(N,v’,v) o P(T.T)(L,)L)E Zl (T’?L) (v’ viTt 1’) + 2 (1 A’) (v’ v )L’?L)

Ny No(T)
NN|TT 4
= 'Izl Zil <v’ vt T’> {((PQS))(T (Te) P(?',T)(T.,T’) Q(N)(T,r,r’) Q(M)(T,r,‘:’)}
— "
T#N
RN P®S —2P] -Q; 5.23
21 vivle ) LPTS)mame) = 2P o) ~ Quuerin |- (5.23)
T,7'=
Nn Mo(T) Np no(L) no(T) no(L)
LR .: @ 1 TLY(MM|TT TLY/MM|LL
C(M,u)(M,v) ’ S e Rt P(T,T)(LA,A)Z TZ‘l <T’)L> (u Vit T’) +}le=41 <T )L’) ([J \% )L’?L)
—~ -~
T#M L#AM,T
Nn No(T)no(T)
MM|TT 4
=2 <ﬂ viz T’) {((Pes))(TJ)(TJ’) — P o) _Q(GM)(T,‘:J’)}' (5.24)
T=1 =1 ¢/=1
—~
T#M
no(M) N no(T)
)R o 1 M N po MM[TT
(Mg)(Nv) = 2 e <u V> Ztl Mz;l (TT>(T/1)</J# M>
N£M ~~
T4MN
dif(z.l)c(M ) 5.25)
ey & O, NN|TT |
AL ACH]
~—
T4MN
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with
(21) % O ® MMI|TT " %) MM|NN
FCM ) (N) = Z P(T 7)(T,A) (u |t /l) - Z P(N.,T)(NJL) (/.1 PaR; A) (5.26)
— T=17A=1 T,A=1
N#£M ~~
T#M
and
(2.2) N nell) anfTTy Y NN|MM
. _ @ D
Comynvv) = Z P(T,r)(T,)L) (v’ vt /l) - Z P(M.T)(MA,A) (v’ vt A) : (5.27)
~——— T=11i=1 7,A=1
N=£M ~~
T#N
)R _1 %‘ no(T)no(M)p@ noz('j) (N T> (M N|N M)
Mu)(N,v) = 9 (M,A)(T,7) 4 uvi|va
N——— T=1 1=1 A=1 V=1
NM ~~
T#MN
defa1)c ,
(M,u)(N.v) (5.28)
Nnp nD(T)no(M> o n()z(-t)(NT)(MT TM)
+ P / / 5
e (MA)(T,1) o) VT ut|tAi
~~
T#MN
EB2C 1))
with
Nn No(T)No(M) no(N)
B¢ _ po NTY/MN|NM
M, N, / !
(M,u)(N,v) e R (M,A)(T,7) vél (v T) (uv \% )L)
N-£M (5.29)
no(N) no(M) No(M) no (M) no(N)
- Panaonn (0 [V - Pame 2 (0 %) (M)
=1 A=1 4 H =1 A=1 =1 g
and
(3.2) Ny re{Trelh) Nty Tty "R MN|NM
. _ D S
C(M,u)(N,V) - P(M 2)(T,7) 2 (v T’) <u |t A) - P(M 2)(N,7) (u vt A) - (5.30)
—— T=1 1=1 A=1 =1 =1 A=1
N#M ~~
T#M
@R 1 A nO(T)nO(N)Pe ") (M T) (M N|M N)
(Mu)(Nv) " 2 (T.1)(N,2) wer)\pv|iwa
N———— T=1 =1 A=1 u'=
N#M ~~~
T#MN
defa.) ,
(M,u)(N.v) (5.31)
v nO(T)n%’:‘) ® O Ty (T N)
+ P / / 5
o B (T,7)(N,A) TZ:]. ([.l T ) (r vitA
~~
T#MN
defa.2)

=HCM Ny
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with
Nn No(T) no(N) no(M)
4 _ pe MT) /MN|MN
M, N, : . ! /
(M.u)(N,v) e & TNy ”,2141 (u r) <u v A)
N-£M
No(N) g (N) No(M) No(M) no(N) (5.32)
RS B 2 () () DS P (1)
r=1121(’1)(’)pf:1 Wr)\uviu r:lle('f)(’) pvir
and
(42) No Mo(T)no(N) no(T) M T TNIT N No(M) no(N) MNIMN
4.2 B
Cmuy(Ny) = P D) g — P . (5.33)
(M,u)(N,v) Tgl &= A (T,7)(N,A) z: (u T) (1 v T)L) = = (M,7)(N,1) ([J viT )L)
N-£M ~—~
TN
Introducing the abbreviation
no(M)
o def o M N
Qv = El Phnonn () (5.34)
we define:
(1)EOC[R“R“] _1 no(z'\:')(M N> %‘ no(T) Nnp nD(L)POC (MT M |_>[RTL}
(Mu)(Nv) " 9 ~ v R R (TOLA) \ T |p A
No:M o= ~~ -~
T#M,N L#MN,T
def(1.1) (aN[IR“] o
L
5.35
S N V¥ B Y IR (5.35)
+ 2 (u v’> 2 P(T,‘L')(L.,l) (v’ T v)L) ’
vi=1 T=1 =1 L=1 =1
T#MN LAM,N,T
def(1 2) R1!)
=B N
with

o(T)  No Mo(L) o(T) o(L)
et 58 3 Tz % (08 (I () (410

S——— T=1 =1 L=1 A=1 =1 A'=1
NZM ~—~ —~~
T4MN LAMN,T
35 ARG +((P*S))r)(1.0)| — P
- & e ke wt)y o (T,7)(T,7") (T.7)(T,7) (T,0)(T,7)
-
T#M 1 1
-3 [QEXN)(T.T,T’) +QI(ZN)(T.7:’77:)} 3 [Q?M)(T,m') +Q?M)(T¢',r)} }
no(N) 1
- Zl (LA M 2) {5 [((Pas))(N o)+ ((Pas))(N,r’)(N,‘r)]
T,7'=

~ 2P 5| Qb+ Qe } (5:36)
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R] . No No(T) Ny Mo(L) 1 no(T) no(L)
(l'Z)EEXM)(N,v’,v) = P(%,r)(L,A)E rgl (;I'/ I}:) (CI’I l\\/‘ I’) +A§1 <-‘L'r }IL_/> (\’;l’ )IL_/ ’\\/”7:>

T-1 ¢,7-1
—
TN
1 1
) [QEXN)(T.T,T’) + Q?N)(T.rar)] 3 [Q?M)(T,m') + Q?M)(T,far)} }

no(M) 1
- X (YY) {5[((P“S))<M ome) (P

T,7'=1

1
= 2P oM,y — > [Q?M,r,r’)(N) + QEXM,T’,T)(N)} } (5.37)

R . No Mo(T) Np  ho(L) 1 [Me(T) no(L)
G {3 () (TS (10 )

—~ —~
TAM LM, T

th No()neld MT|MT

= <’_1 T|V ‘L'/> {2 [((Pas))(TT)(TT/) + ((Pas))(TT/)(TT)]

T=1 7=1 ¢'=1

—~—

TAM

1
— P rer = 5 | Qnr.eey + Qoncrenn] } (5.38)
(M) No  No(T)
2)=@R"] 1 o M N MT|MT
VEmpwmy =5 X () 2 ;_lpﬁr>(Tz><ur ")
NoM . - T
TAMN
defe1)pa
(M,pt,1")(N) (539)
o MNY Ry NTINT
+ 2 <uv’> 2 P((}I'.T)(Tl)(v’r vl>}7
v/i=1 T=1 7,A=1
~
TAMN
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with
Nn No(T) no(N)
2.1) =2 _ MT|MT MN|MN
EVE (g ) = Tzlmzlp(o"r.n(w(u : w)‘m lp&rxm)(u YY) (5.40)
| Y —— =11t A= A=
N#M ~— ’
T#M
and
Nn No(T) no(M)
2.2) =% NT|NT NM|NM
( )E(M)(Navla") = 2 P(O% 7)(T,A) (v’ T|Vv )L) o 2 P((ic\ll 7)(M,A) (v’ T|Vv )L) : (5.41)
———  T=1l12-=1 TA=1
N£M ~~
T#N
3) R 1 S el NN (NN
Empny =3 Piva)(T7) (v’ 7:) (u Vv A)
T T=1 1=1 A=1 vi=1
? T#M,N
def(3.1)pa
(M,)(N,v) (5.42)
% o) o nO(T)<NT>(MT TM)
+ Pmay T : ' ;
T=1 1=1 A=1 ( )T =1 v wrlwa
T#M,N
def o
=GPy
with
Nn No(T)No(M) no(N)
31’ NT MN|NM
CUEM Ny = > Pl (v’ ‘r) (/.1 V| v /l)
M~ T=1l7=1 A=1 vi=1
N#M
o (N) no(M) o (M) no(M) no(N) (5.43)
_ po (MN NM)_ po Z(NM)(MN NM)
MA)ND) \nwT|Vv A (M,A)(M,7) Vit uviva
=1 A=1 =1 A=1 V=
and
No  No(T)no(M) no(T) No(N) no (M)
3.2) % _ NTY/(MT|TM™ MN|NM
( )E(M,u)(N.v) - = a8 A P(Olilll)(Tf) Tzl (v r’) (u |7 )L> - = & P(Olill.l)(N,T) (u T|v )L) : (5'44)
— = = = = = =
N#M ~~
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@ «[RY] 1 Nn  No(T)no(N) " No (M) MT\ /M MINN
Emuny =351 2 Phoma > (1) (YY)
~—_———— uw'=1

T#MN
dEf(4_1)|5(M‘H>(,\I v) (5 45)
N, nD(T)nO(N)Pa No(T) MT TTINN
+ 2 (T,7)(N,A) 2 ut TT|vA
T=1 1=1 =1 =1
~—~
T#MN
EDER 1)
with
Nn No(T)No(N) no(M)
41 % _ MT M M|NN
( )E(M#)(N:V) _Tzl = P(o%,r)(N A) (;1’ r) (;1 u'|v l)
—— =1 7= = =
o No(N) no(N) no(M) No(M) No(N) (5.46)
- Phona 2 (i) (MY - Phom (1Y)
T 4 ! ,T)(N,
=1 A=1 /.1’1”1 oY =1 A=1 ' SR
and
No  No(T)no(N) no(T) No(M) no(N)
42)% MT TT|INN MM|NN
( )E(Ma#)(NJ’) = P(ql' 7)(N,A) 2 ([J T’> (T’ T|v )L) - P(al\/l,r)(N,l) (u T|v )L)' (5.47)
~——— T=1 1=1 =1 T'=1 =1 A=1
N#M ~~~
TN
h o (M) no(L o(N
(S)E%Rl])(r\l )._1 u )Povfn L " )(N Ii) (M M| N N)
) V) *© . ! /!
+ 2 i Rt (M,7)( )v’=1 % urTivy
N;ﬁM N~~~
L£M,N
def(5.1) E?M.u)(N,v) (5 48)
(M) ng (L o(L )
+ %‘n()n()Pa ni)<NL><MM LL>}
(M,7)(L,2) v A wTt|AA ’
L=1 7=1 A=1 Al=1
L£M,N
CEIER )
with
Np No(M) no(L) No(N)
51)¢% N L MM|NN
( )E<M,u><N.v>:L . 2 ;1 Phows > (i) (190 Y)
S——— =1 7= = Vvi=
N#£M
No(M) no(N) Mo (M) No(M) Mo(N) (5.49)
_ po M M NN)_ po 2<NM>(MM NN)
(M,7)(N,A) (u T|VvA4 (M,7)(M,1) VA urtjvyv
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and
Nn No(M)ng(L) No(L) No(M) no(N)

5.2) =% NLY/MM|LL MM|NN

COE iy = PV o) (LA (v A’) (u T A’A) - PN = (,L T |v A)- (5.50)

——— =1 1=1 A=1 A'=1 =1 A=1

L#M
(G)EEXI\BIRII])(N ) 1{ Nn nO(N)no(L)PO’il L No M)<M Ii) (M NIN M)
R 7\/ . A s I i
+ A e B (N,7)(L, ),u’=1 u wrivay
N#£M ~~
L#M,N
def(6.l)E ,
(M,u)(N,v) (551)
LWL ML (LN|NL
+ 2 PRoLL) 2 (;1 ;u) (/l’ v v/1> ;
=1 7=1 A=1 M=1
~—~
LAMN
TE2EG )
with
Nn No(N)no(L) no (M)

6.1) =% _ ML) /MN|NM

CVE (M) = > Plows X (k) (¥

——— =111 2=1 =1
N#£M

no(N) n(N) (M) o(N) o (M) (5.52)
_ po 2<MN>(MN NM)_ po (MN NM)
(N,7)(N,A) waj\prjvy (NTMA) \pT|v A
=1 A=1 w=1 =1 A=1
and
N Mo(N)no(L) o (L) No(N) no (M)

(6.2)g* _ po M L LN|NLY) po )N M (5.53)
M,u)(N, A ’ ’ A .
(M.p)(N,v) = a2 A (N,7)(L )Az,l(uA)(A T v?L) = )Z,l (N,7)(M )(,1 /l)

N;ﬁM N~~~
L#AN

6. Approximationsof NDIO Type

6.1. “ Unrestricted” and “ Restricted” Integral
Approximations

If one assumes the atomic orbital basis as being
not only locally but globally orthonormal, all diatomic
overlap integrals occuring in the context of Riidenberg-
type approximations have to be supplemented by the
corresponding diatomic Kronecker symbol (“Neglect
of Diatomic Integral Overlap”, NDIO). What follows
is partially identical with the “Neglect of Diatomic Dif-
ferential Overlap” description (NDDO), originally in-
troduced by Pople, Santry, and Segal [4] for an approx-

imate treatment of two-center one-electron densities:
NDIO!
(1) {@u(ri — Ru)@, (r; — Ry) } VPO

= {(Pu(l’i —Rm)D, (i — RN)}
= SuN Dy (ri —Rm) @y (ri —Rm).

[NDDOMN] (61)

This well-known NDDO picture, however, is now ex-
tended by an analogous two-center two-electron NDIO
scheme which also refers to Riidenberg’s fundamental
distinction:

(1) {Du(ri—Rw)@y(rj — RN)}[ND'OMN]
1= 0N Py (i — Rm) Dy (1) — Rw).

(6.2)
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Again, in an NDIO-type treatment of four-center re-
pulsion integrals each of both routes has to be passed
through twice:

[NDIOL, NDIOL |
m(NTE) T = (6.3)
[NDIOY ]
MM|TL . MM|TT
5MN(yV r/l) -:5MN5TL(“V T;L>,
[NDIOJ\ -NDIOY ]
any (NI = (6.4)
[NDIOY, ]
MN|M L . MN|MN
5MT(“V r/l) -:(SMT(SNL<yV r/l)'

Having interchanged the indices N and v with T and
T, respectively, (6.4) equivalently reads

[NDIOJ,  NDIOY, |
an (W) = (6.5)
[NDIOY, |
MT|ML . MT[MT
5MN(,” vl) -=5MN5TL(MT V;L>~

In addition to these formulas let us again consider
the three-center repulsion integrals (M M :k) and

u v
(M T|Mm L)

ut|vay)

(1) Using two one-electron approximations of NDIO
type we get

M M
uv

T L [NDIOyNDIOY ] .
TA T

|
MM|TL [ND'OTL]._(ST M M
nvi|ta = OTL\ v
M L

VA

(6.6)

)
= (6.7)
M l\)il)

(I1) Using two two-electron approximations of
NDIO type we get

MT [NDIO},+NDIO} |
urT

M M
5MT<y T

ML [NDIOII\AL]
v l)

= SuT OML ('X' '\TA

[NDIO},+NDIO}), |

MM|TL .

(vTs) = (6.8)

[NDIO}, ]

MM|ML . MM|MM

(SMT(ﬂV TA) -:SMT6ML<uV T;L),

M T | L NDIOYNDIOY, | .

(;1 T vl) T (69)
M T |m L) [NDIOR] MT|MT '
(pr vl) : L(pr vl)'

Hence, like in the discussion above, applying the
NDIO scheme twice implies also an oversimplification

[NDIOy, ] .
M L)

of the two-center integral ('X"\T" e in (6.7)

U
[NDIOJ,

I .
and of (Z’ MM L in (6.8). Obviously, the for-

mulations of (6.6) and (6.9) should be preferred, since
they use the simplifying NDIO recipe only once. While
the oversimplifying “unrestricted” branch of approxi-
mation has been discussed comprehensively in [7], we
now turn to the corresponding “restricted” route, which
avoids such shortcomings.

6.2. “ Restricted and Combined NDIO” Appoxima-
tions (NDIO.R& C) for Fock-matrix Elements

The term * “Restricted and Combined NDIO” ap-
proximations (NDIO.R&C) * indicates

e that both one-electron and two-electron routes
of approximation are combined in the sense outlined
in [7], and

e that in this subsection we are going to distin-
guish four-center and three-center interactions from
one another and those of two-center or one-center type.
All different types of three-center integrals occuring
in (2.21) ...(2.28) will be treated in such a way that
oversimplifications are avoided by applying the NDIO
recipe only once. Furthermore, this time all one- and
two-center interactions are considered to be evaluated
accurately.

Distinguishing atomic off-blockdiagonal from
blockdiagonal matrix elements, we define according
to (2.19):

AINDIO.R&C]

[NDIO.R&C] .
F(M,/,l)(N,v) = KM vy F(M,y)(N,v) (6.10)
N£M
| pCINDIORC] _ - aEINDIO.REC]
(M,u)(N,v) Mu)(Nyv) 2
aNDIO.R&C] . A
Fompmy) = Ky +Fivgymy) (6.11)
| ECINDIORAC] _ - aEINDIO.REC]
M,1)(M,v) (M,1)(M,v)

For the off-blockdiagonal attractive part we define ac-
cording to (5.12)

AINDIO.R&C] . (0 1) A[NDIO']
Fomy = Aty + P Am ey (6.12)
N#£M
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For the off-blockdiagonal Coulomb part we define ac-
cording to (5.13)

CINDIO.R&C] . (0 1)~INDIO'NDIO']
Fogom =" Comuny + PCmuny)
N#M INDIO'] INDIO"|

2Cmumy) 2P Cm Ny

[NDIO"]

+29Cm - 6.13)

For the blockdiagonal Coulomb part we define accord-
ing to (5.14)

[NDIO]

C[NDIO.R&C] . (0
F =Cmmm) +Ciaa

(M)(M.v) ) (6.14)
2 3
+ @Cm ) +2' )C(M#)(MN)'

For the off-blockdiagonal exchange part we define ac-
cording to (5.15)

aE[NDIO.R&C] . (0)=% 1)~ ¢[NDIO''NDIO"]
F(M,y)(N,v) = )E(M#)(Nw TV EMu vy
~——

N#M (2)=@INDIO") a[NDIO]
Ma)(NV) T E M (Nv)
a[NDIO'] 5y a[NDIO]

+ DB + T Empng
a[NDIO"]
+ OB M - (6.15)

For the blockdiagonal exchange part we define accord-
ing to (5.16)

0E[NDIO.R&C] . (0)=® 1) @[NDIO"]
F(M#)(M,v) = )E(M#)(M,v) E(M,u)(M,v)
2% 3=
+ PEmumy + VEmummy)

(6.16)

With the additional assumption of a globally orthonor-
mal atomic orbital basis the different quantities occur-

5 o
+ OB ) m)-

ing in (6.12) ... (6.16) are defined as follows: From
(5.17) we get
[NDIO"]
(1 (M,10)(N,v) =0. (617)

N#£M

From (5.21), (5.24), (5.25), (5.28) and (5.31) we get

1 C[NDIO'NDIO'] _(1)~INDIO' _ C[NDIO']
(M,u)(N,v) (M,u)(M,v) (M,)(N,v)
N—————
N#M N£M

[NDIO"] (NDIO"]
= Comuny = Cmpmy) =0 (6.18)
N#£M N#£M

From (5.35), (5.38), (5.39), (5.42), (5.45), (5.48), and
(5.51) we get

(1) a[NDIO''NDIO"] (1) a[NDIO" a[NDIO']
Moy = CEmpmy = TEmummny
N—————’
N#M N#M
@3) a[NDIO") 2)~[NDIO'] 5y~ a[NDIO']
= TBmumny = TEMmny) = TEMuny)
N#M N#M N#M
[NDIOM]
— (6 f‘M#)(N’v) =0. (6.19)
N————’

N=£M

The off-blockdiagonal matrix elements of (6.12),
(6.13), and (6.15) can be rewritten:

A[NDlO.R&C] . (0
Fmmm = OAmumn,

N-£M

(6.20)

C[NDIO.R&C] . (0
FitiNy = Cvy):
—

N-£M

(6.21)

OcE[NDlO.R&C] . (0)”
Forwm) = CEMuny:

N-£M

(6.22)

and the blockdiagonal matrix elements of (2.22),
(6.14), and (6.16) finally read

F(A'}/[INMD)I(CA)A%?C] A<M w)(M,v) +¢ )A(M wmy): (6:23)
C[NDIO.R&C] . (0 2
F(M,/J)(M,v) = >C(M7u)(M,V) +1 >C(M7u>(M$V)
+ 28C M) (6.24)

aE[NDIO.R&C] . o o
Farmmy = VEmumy + P Emummy)
K =t 5%
+ OB my) + P Emummy-

(6.25)

7. Concluding Remarks

Within a picture gained by a “Restricted and Com-
bined” application (R&C) the four approximations

e of Mulliken type (M),
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e of “Zero Integral Overlap” type (Z10),
o of Riidenberg type (R), and
o of “Neglect of Diatomic Integral Overlap”
type (NDIO)
considered here are interconnected in the following
way:

Rotational Globally orthogonal Locally orthogonal
invariance atomic-orbital basis atomic-orbital basis
violated ZIO.R&C M.R&C
fulfilled NDIO.R&C R.R&C

Z10.R&C and NDIO.R&C or M.R&C might prove
to be useful as extensions of numerous computational
concepts in semi-empirical quantum chemistry [15].
For a non-empirical orbital theory, however, only those
concepts can be important, which neither assume a
globally orthogonal basis set nor violate the rotational
invariance condition. Hence, for practical purposes, we
are particularly interested in the R.R&C branch, which
requires a computational procedure for the accurate
evaluation of all two-center integrals.

Due to their dependence on a single geometric pa-
rameter, all types of two-center integrals can be cal-
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Improvements of Riidenberg’s truncated one-electron

expansion have already been described in a paper enti-

tled “Limited Expansion of Diatomic Overlap (LEDO):

A Near-Accurate Approximate Ab Initio LCAO MO

Method” of F.P. Billingsley Il and J.E. Bloor, J.

Chem. Phys. 55, 5178 (1971), and its predecessor F.P.

Billingsley Il and J. E. Bloor, Chem. Phys. Letters 4,

48 (1969). The LEDO technique has many points of

similarity with the “Projection of Diatomic Differen-

tial Overlap” method (PDDO) of M. D. Newton, N.S.

Ostlund, and J. A. Pople, J. Chem. Phys. 49, 5192
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culated in advance for about one hundred fixed in-
teratomic distances at the desired level of sophistica-
tion and stored once and for all [16]. A cubic spline
algorithm [17] may be taken to interpolate the ac-
tual integral value from each precomputed list. Such
techniques, particularly appropriate for minimal basis
sets, have been incorporated in an approximate non-
empirical procedure based on Riidenberg’s ideas. Their
numerical application will be the subject of forthcom-
ing investigations.

We have followed a tradition of various early ef-
forts to close the gap between semi-empirical and ab-
initio quantum chemical approaches useful for large
molecules and crystalline systems. Approximate crys-
tal orbital theories of Hartree-Fock type will be dis-
cussed in forthcoming papers.
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