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Rüdenberg’s well-known letter of 1951 entitled “On the Three- and Four-Center Integrals in Molec-
ular Quantum Mechanics” explicitly presents two approximation formulas for four-center repulsion
integrals, only. When applied to some types of three-center repulsion integrals, however, these two
recipes still imply considerable oversimplifications. Using both one-electron and two-electron routes
of Rüdenberg’s truncated expansion, on the other hand, such shortcomings can be avoided strictly.
Starting from four simple “Unrestricted and Combined” (U&C) approximation schemes introduced
elsewhere, an improved “Restricted and Combined” (R&C) approximation picture for Fock-matrix
elements now will be outlined, which does not tolerate any unnecessary oversimplifications. Although
the simplicity of the U&C scheme is lost in this case, R&C-approximated Fock-matrix elements still
can be constructed from one- and two-center integrals alone in an effective way. Moreover, due to
their dependence on a single geometric parameter, all types of two-center integrals can be calculated
in advance for about one hundred fixed interatomic distances at the desired level of sophistication and
stored once and for all. A cubic spline algorithm may be taken to interpolate the actual integral value
from each precomputed list.

Key words: Unrestricted (and Restricted) Hartree-Fock Molecular Orbitals; Integral Approxima-
tions According to Mulliken and Rüdenberg; Zero Differential Overlap (ZDO); Neglect
of Diatomic Differential Overlap (NDDO); Extended Hückel Theory (EHT).

1. Introduction

The main topic of this paper is Rüdenberg’s letter
of 1951 with its two truncated expansions (symbolized
by I and II) of diatomic orbital products [1]. In addi-
tion to Rüdenberg’s proper concepts (R) in the sense
commonly used, we distinguish three other kinds of
Rüdenberg-type approximations which are closely re-
lated to the schemes of Mulliken (M) [2], “Zero Differ-
ential Overlap” (ZDO) [3], and “Neglect of Diatomic
Differential Overlap” (NDDO) [4]. In particular, we
consider their application to Roothaan’s “Restricted
Hartree-Fock” theory (RHF) [5] of electronic closed-
shell ground states in its generalized “Unrestricted
Hartree-Fock” form (UHF) of Pople and Nesbet [6].

In a preceding contribution [7], we first of all in-
tended to interprete the consequences of an “Unre-
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stricted and Combined” use (U&C) of Rüdenberg’s ap-
proximations in UHF theory, apart from any numeri-
cal application. Within this context, the term “Unre-
stricted” indicated that the considered approximations
had been applied irrespectively of the one-, two-, and
multi-index or -center quality of the integrals involved.
(Note that “Unrestricted” in this sense has nothing to
do with the conceptual particularities of the “Unre-
stricted Hartree-Fock” picture itself).

The analysis of [7] yielded the following results:
• The U&C use of Rüdenberg’s Mulliken-type ap-

proximations (M.U&C) led to a completed understand-
ing [8] of the Wolfsberg-Helmholz formula [9] which
is a constituent part of the semi-empirical “Extended
Hückel Theory” (EHT) [10].

• Furthermore, an improved Rüdenberg-type variant
of M.U&C called R.U&C had been proposed, which is
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appropriate for non-empirical computer implementa-
tions, since it fulfills the “rotational invariance require-
ment” [11] of all ab-initio quantum chemical concepts.

• Supposing an orthonormal atomic orbital basis
set, our M.U&C and R.U&C frameworks immediately
converted into two additional “Zero Integral Over-
lap” (ZIO) and “Neglect of Diatomic Integral Overlap”
(NDIO) pictures, which are partially identical with the
widely-used ZDO and NDDO approximation schemes,
respectively.

• We concluded in pointing out that all these four
approximations, which are commonly based on the
U&C use of Rüdenberg’s ideas, imply considerable
oversimplifications.

In order to overcome such shortcomings, another set
of four “Restricted and Combined” (R&C) concepts
had been sketched. Here, the attribute “Restricted” in-
dicated the avoidance of particular oversimplifications
which is consistent with the corresponding level of ap-
proximation.

In the present article we now intend to work out
this R&C route of Rüdenberg-type approximations.
For this purpose it is convenient, first of all, to write
down the UHF Fock-matrix representation in a par-
titive form which separates explicitly the different
one-, two-, three-, and four-index or -center interac-
tions from one another in an appropriate way. Each
of the four sections, which discuss the pictures of
Mulliken, ZIO, Rüdenberg, and NDIO type, is subdi-
vided into two parts. While the first part intends to ex-
plain, how oversimplications generally arise in certain
cases of three-index or three-center repulsion integral
approximations, the second subsection specifies the
“Restricted and Combined” approximation picture for
Fock-matrix elements. The equations of these second
subsections are constitutive for any forthcoming nu-
merical M.R&C, ZIO.R&C, R.R&C, and NDIO.R&C
investigation.

Finally, it should be stressed that such R&C routes
of approximations do not improve the quality of all
multi-index or multi-center integrals, in general [12].
Improvements, however, can be expected from the
fact that conceptual shortcomings of the standard
Mulliken-, ZDO-, Rüdenberg-, and NDDO-pictures
are minimized in a way, which is designed to be well-
balanced in both attractive and repulsive energy contri-
butions.

2. Basic Equations

Within the Born-Oppenheimer picture of Nn fixed
nuclear positions, standard non-empirical quantum
chemical methods [13] usually expand the de-
localized molecular orbitals {Ψ j(ri)| j = 1, . . . ,No}
as linear combinations of No atomic basis func-
tions {Φµ(ri)|µ = 1, . . . ,No} ≡ {Φµ(ri − RM)|M =
1, . . . ,Nn; µ = 1, . . . ,no(M)}. In the “Unrestricted
Hartree-Fock” theory (UHF) of Pople and Nesbet [6],
which is central within the scope of this paper, two
different molecular orbital sets have to be determined.
The α-spin “Linear Combination of Atomic Orbitals”
(LCAO), for instance, reads:

Ψ α
j (ri) :=

No

∑
µ=1

Φµ(ri)Cα
µ j, j = 1, . . . ,No. (2.1)

An equivalent second ansatz has to be made for spin
β . If one should find the unrestricted α- and β -spin
orbitals to be identical, they both are of the restricted
form according to Roothaan [5]. Hence, Roothaan’s
“Restricted Hartree-Fock” theory (RHF) is formally
included in the more general Pople-Nesbet description.
We therefore restrict our discussion to UHF theory. If
necessary, all expressions can be translated easily into
the RHF picture.

In order to be more specific, (2.1) can be rewritten
as

Ψα
j (ri) :=

Nn

∑
M=1

no(M)

∑
µ=1

Φµ(ri−RM)Cα
(M,µ) j, j = 1, . . . ,No.

(2.2)

In contrast to the notation of (2.1), (2.2) explicitly
specifies the position vector RM ≡ (xM,yM,zM) of atom
M, to which all no(M) basis functions with index µ
belong. While (2.1) will be chosen in discussing the
simple approximation recipe of Mulliken [2] and the
“Zero Integral Overlap” scheme (ZIO) [7], (2.2) will
turn out to be particularly appropriate in the context of
Rüdenberg’s more elaborate integral approximation [1]
and the “Neglect of Diatomic Integral Overlap” con-
cept (NDIO) [7].

Four types of integrals can be distinguished within
UHF and RHF theories:
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• Overlap integrals

∫
Φµ(ri−RM)Φν (ri−RN)dri ≡




Sµν notation 1(
M
µ

N
ν

)
notation 2,

(2.3)

• kinetic energy integrals

−1
2

∫
Φµ(ri −RM) [∆(ri)Φν (ri −RN)]dri

≡
{

Kµν notation 1

K(M,µ)(N,ν) notation 2,
(2.4)

with the Laplacian operator ∆(r i) = ∂2

∂x2
i

+ ∂2

∂y2
i

+ ∂2

∂z2
i

,

and

• nuclear attraction integrals

−ZP

∫
Φµ(ri −RM)|ri −RP|−1Φν (ri −RN)dri

≡




Vµν(P) notation 1(
M
µ P N

ν

)
notation 2,

(2.5)

with the atomic number ZP of nucleus P, depend on
the three Cartesian coordinates ri ≡ (xi,yi,zi) of one
electron only. Using the chemists’ notation, the six-
dimensional

• two-electron repulsion integrals read as follows:∫ ∫
Φµ(ri −RM)Φν (ri −RN)|ri − r j|−1Φτ(r j −RT )

·Φλ (r j −RL)dridr j ≡




(µν|τλ ) notation 1(
M
µ

N
ν

∣∣∣ T
τ

L
λ

)
notation 2.

(2.6)

Hence, three-index (notation 1) and three-center (no-
tation 2) integrals can be of attraction and repul-
sion type, whereas all four-index (notation 1) and
four-center (notation 2) integrals are exclusively re-
pulsive.

Atomic units (a.u.) are used throughout this paper.
For convenience, all atomic functions are taken to be
real, normalized, and locally orthogonal.

2.1. Standard Formulation of UHF Theory Using
Notation 1

Next, we write down two different, but equivalent,
formulations of the unrestricted α-spin Fock-matrix
representation. Using the first notation we can write

Fα
µν = Kµν +

Nn

∑
P=1

Vµν(P)︸ ︷︷ ︸
def=FA

µν

+
No

∑
τ,λ=1

P⊕
τλ (µν|τλ )

︸ ︷︷ ︸
def=FC

µν

−
No

∑
τ,λ=1

Pα
τλ (µτ|νλ )

︸ ︷︷ ︸
def=FαE

µν

, µ ,ν = 1, . . . ,No. (2.7)

The symbols A, C, and E stand for the Attrac-
tive, Coulomb, and Exchange parts of the Fock-
representation, respectively. The α-spin density matrix
with elements

Pα
τλ =

Nα

∑
a=1

Cα
τaCα

λ a (2.8)

has to be constructed from the occupied α-spin coef-
ficient columns of (2.1), arranged in ascending order
with respect to the corresponding orbital energies. Nα
denotes the number of α-electrons in the molecule.
Again, equivalent expressions for β -spin have to be
formulated analogously. The total density matrix is de-
fined through

P⊕ = Pα + Pβ . (2.9)

In the RHF theory, however, no second equation for
β -spin is needed, since in this case Nα = Nβ and the
molecular orbitals are restricted to be doubly occupied
in general. Consequently one finds in this case that
Pα = Pβ = 1

2 P⊕.

2.2. Partitive Fock-matrix Representations Mainly
Using Notation 1

With a second formulation of the three definitions in
(2.7) we intend to separate explicitly from one another
those terms, which represent four-index and three-
index interactions. Furthermore, both groups will be
isolated from two- or one-index terms [14].

Since the second notation also specifies the atomic
index, it is more appropriate for a partitive formulation
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of the attractive contributions to the Fock matrix. Ex-
ceptionally, notation 2 will be used in this case. There-
fore, we write for the off-diagonal attractive part

FA
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

=
Nn

∑
P=1︸︷︷︸

P	=M,N

(
M
µ P N

ν

)

︸ ︷︷ ︸
def=(1)A(M,µ)(N,ν)

+
(

M
µ N N

ν

)
+

(
M
µ M N

ν

)
︸ ︷︷ ︸

def=(0)A(M,µ)(N,ν)

,

(2.10)

FA
(M,µ)(M,ν)︸ ︷︷ ︸

ν 	=µ

=
Nn

∑
P=1︸︷︷︸
P	=M

(
M
µ P M

ν

)

︸ ︷︷ ︸
def=(1)A(M,µ)(M,ν)

+
(

M
µ M M

ν

)
︸ ︷︷ ︸

def=(0)A(M,µ)(M,ν)

(2.11)

For the diagonal attractive part we write

FA
(M,µ)(M,µ) =

Nn

∑
P=1︸︷︷︸
P	=M

(
M
µ P M

µ

)

︸ ︷︷ ︸
def=(1)A(M,µ)(M,µ)

+
(

M
µ M M

µ

)
︸ ︷︷ ︸

def=(0)A(M,µ)(M,µ)

(2.12)

For the off-diagonal Coulomb part we write

FC
µν︸︷︷︸

ν 	=µ

=
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

No

∑
λ=1︸︷︷︸

λ 	=µ,ν,τ

P⊕
τλ (µν|τλ )

︸ ︷︷ ︸
def=(1)Cµν

+
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

P⊕
ττ (µν|ττ)

︸ ︷︷ ︸
def=(2)Cµν

+ 2
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

P⊕
τµ (µν|τµ)

︸ ︷︷ ︸
def=(3)Cµν

+2
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

P⊕
τν (µν|τν)

︸ ︷︷ ︸
def=(4)Cµν

+(0)Cµν

(2.13)

with

(0)Cµν︸ ︷︷ ︸
ν 	=µ

def= P⊕
µµ (µν|µµ)+ P⊕

νν (µν|νν)

+ 2P⊕
µν (µν|µν) .

(2.14)

For the diagonal Coulomb part we write

FC
µµ =

No

∑
τ=1︸︷︷︸
τ 	=µ

No

∑
λ=1︸︷︷︸

λ 	=µ,τ

P⊕
τλ (µµ |τλ )

︸ ︷︷ ︸
def=(1)Cµµ

+
No

∑
τ=1︸︷︷︸
τ 	=µ

P⊕
ττ (µµ |ττ)

︸ ︷︷ ︸
def=(2)Cµµ

+ 2
No

∑
τ=1︸︷︷︸
τ 	=µ

P⊕
τµ (µµ |τµ)

︸ ︷︷ ︸
def=(3)Cµµ

+P⊕
µµ (µµ |µµ)︸ ︷︷ ︸

def=(0)Cµµ

. (2.15)

For the off-diagonal exchange part we write

FαE
µ,ν︸︷︷︸

ν 	=µ

=
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

No

∑
λ=1︸︷︷︸

λ 	=µ,ν,τ

Pα
τλ (µτ|νλ )

︸ ︷︷ ︸
def=(1)Eα

µν

+
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

Pα
ττ (µτ|ντ)

︸ ︷︷ ︸
def=(2)Eα

µν

+
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

Pα
τµ (µτ|νµ)

︸ ︷︷ ︸
def=(3)Eα

µν

+
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

Pα
τν (µτ|νν)

︸ ︷︷ ︸
def=(4)Eα

µν

+
No

∑
λ=1︸︷︷︸

λ 	=µ,ν

Pα
µλ (µµ |νλ )

︸ ︷︷ ︸
def=(5)Eα

µν

+
No

∑
λ=1︸︷︷︸

λ 	=µ,ν

Pα
νλ (µν|νλ )

︸ ︷︷ ︸
def=(6)Eα

µν

+ (0)Eα
µν (2.16)

with

(0)Eα
µν︸ ︷︷ ︸

ν 	=µ

def= Pα
µµ (µµ |νµ)+ Pα

νν (µν|νν)

+ Pα
µν (µµ |νν)+ Pα

νµ (µν|νµ) .
(2.17)
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For the diagonal exchange part we write

FαE
µµ =

No

∑
τ=1︸︷︷︸
τ 	=µ

No

∑
λ=1︸︷︷︸

λ 	=µ,τ

Pα
τλ (µτ|µλ )

︸ ︷︷ ︸
def=(1)Eα

µµ

+
No

∑
τ=1︸︷︷︸
τ 	=µ

Pα
ττ (µτ|µτ)

︸ ︷︷ ︸
def=(2)Eα

µµ

+
No

∑
τ=1︸︷︷︸
τ 	=µ

Pα
τµ (µτ|µµ)

︸ ︷︷ ︸
def=(3)Eα

µµ

+
No

∑
λ=1︸︷︷︸
λ 	=µ

Pα
µλ (µµ |µλ )

︸ ︷︷ ︸
def=(5)Eα

µµ

+ Pα
τλ (µµ |µµ)︸ ︷︷ ︸

def=(0)Eα
µµ

. (2.18)

Once again it should be stressed that the ensemble of
the partitive formulations of (2.10) . . . (2.18) is com-
pletely equivalent to the standard formulation of (2.7).

2.3. Standard Fock-matrix Representations Using
Notation 2

Choosing the more specific second notation, the for-
mulas (2.7) and (2.8) now read

Fα
(M,µ)(N,ν) = K(M,µ)(N,ν) +

Nn

∑
P=1

(
M
µ P N

ν

)
︸ ︷︷ ︸

def=FA
(M,µ)(N,ν)

(2.19)

+
Nn

∑
T,L=1

no(T )

∑
τ=1

no(L)

∑
λ=1

P⊕
(T,τ)(L,λ )

(
M
µ

N
ν

∣∣∣ T
τ

L
λ

)
︸ ︷︷ ︸

def=FC
(M,µ)(N,ν)

−
Nn

∑
T,L=1

no(T )

∑
τ=1

no(L)

∑
λ=1

Pα
(T,τ)(L,λ )

(
M
µ

T
τ

∣∣∣N
ν

L
λ

)
︸ ︷︷ ︸

def=FαE
(M,µ)(N,ν)

,

M,N = 1, . . . ,Nn; µ = 1, . . . ,no(M); ν = 1, . . . ,no(N),

Pα
(T,τ)(L,λ ) =

Nα

∑
a=1

Cα
(T,τ)aCα

(L,λ )a. (2.20)

2.4. Partitive Fock-matrix Representations Using
Notation 2

With a second formulation of the three definitions
in (2.19) we intend to separate explicitly from one
another those terms, which represent four-center and
three-center interactions. Furthermore, both groups
will be isolated from two- or one-center terms [14].

For the off-blockdiagonal attractive part we write

FA
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

=
Nn

∑
P=1︸︷︷︸

P	=M,N

(
M
µ P N

ν

)

︸ ︷︷ ︸
def=(1)A(M,µ)(N,ν)

+
(

M
µ N N

ν

)
+

(
M
µ M N

ν

)
︸ ︷︷ ︸

def=(0)A(M,µ)(N,ν)

.

(2.21)

For the blockdiagonal attractive part we write

FA
(M,µ)(M,ν) =

Nn

∑
P=1︸︷︷︸
P	=M

(
M
µ P M

ν

)

︸ ︷︷ ︸
def=(1)A(M,µ)(M,ν)

+
(

M
µ M M

ν

)
︸ ︷︷ ︸

def=(0)A(M,µ)(M,ν)

. (2.22)

For the off-blockdiagonal Coulomb part we write

FC
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

=
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,N,T

no(L)

∑
λ=1

P⊕
(T,τ)(L,λ )

(
M
µ

N
ν

∣∣∣ T
τ

L
λ

)

︸ ︷︷ ︸
def=(1)C(M,µ)(N,ν)

+
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T)

∑
τ=1

no(T )

∑
λ=1

P⊕
(T,τ)(T,λ )

(
M
µ

N
ν

∣∣∣ T
τ

T
λ

)

︸ ︷︷ ︸
def=(2)C(M,µ)(N,ν)

+ 2
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

no(M)

∑
λ=1

P⊕
(T,τ)(M,λ )

(
M
µ

N
ν

∣∣∣T
τ

M
λ

)

︸ ︷︷ ︸
def=(3)C(M,µ)(N,ν)
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+ 2
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

no(N)

∑
λ=1

P⊕
(T,τ)(N,λ )

(
M
µ

N
ν

∣∣∣ T
τ

N
λ

)

︸ ︷︷ ︸
def=(4)C(M,µ)(N,ν)

+ (0)C(M,µ)(N,ν) (2.23)

with

(0)C(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

def=
no(M)

∑
τ=1

no(M)

∑
λ=1

P⊕
(M,τ)(M,λ )

(
M
µ

N
ν

∣∣∣M
τ

M
λ

)

+
no(N)

∑
τ=1

no(N)

∑
λ=1

P⊕
(N,τ)(N,λ )

(
M
µ

N
ν

∣∣∣N
τ

N
λ

)

+ 2
no(M)

∑
τ=1

no(N)

∑
λ=1

P⊕
(M,τ)(N,λ )

(
M
µ

N
ν

∣∣∣M
τ

N
λ

)
. (2.24)

For the blockdiagonal Coulomb part we write:

FC
(M,µ)(M,ν)

=
Nn

∑
T=1︸︷︷︸
T 	=M

no(T)

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,T

no(L)

∑
λ=1

P⊕
(T,τ)(L,λ )

(
M
µ

M
ν

∣∣∣ T
τ

L
λ

)

︸ ︷︷ ︸
def=(1)C(M,µ)(M,ν)

+
Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ=1

no(T )

∑
λ=1

P⊕
(T,τ)(T,λ )

(
M
µ

M
ν

∣∣∣T
τ

T
λ

)

︸ ︷︷ ︸
def=(2)C(M,µ)(M,ν)

+ 2
Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ=1

no(M)

∑
λ=1

P⊕
(T,τ)(M,λ )

(
M
µ

M
ν

∣∣∣ T
τ

M
λ

)

︸ ︷︷ ︸
def=(3)C(M,µ)(M,ν)

+
no(M)

∑
τ=1

no(M)

∑
λ=1

P⊕
(M,τ)(M,λ )

(
M
µ

M
ν

∣∣∣M
τ

M
λ

)
︸ ︷︷ ︸

def=(0)C(M,µ)(M,ν)

. (2.25)

For the off-blockdiagonal exchange part we write

FαE
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

=
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T)

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,N,T

no(L)

∑
λ=1

Pα
(T,τ)(L,λ )

(
M
µ

T
τ

∣∣∣N
ν

L
λ

)

︸ ︷︷ ︸
def=(1)Eα

(M,µ)(N,ν)

+
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

no(T )

∑
λ=1

Pα
(T,τ)(T,λ )

(
M
µ

T
τ

∣∣∣N
ν

T
λ

)

︸ ︷︷ ︸
def=(2)Eα

(M,µ)(N,ν)

+
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

no(M)

∑
λ=1

Pα
(T,τ)(M,λ )

(
M
µ

T
τ

∣∣∣N
ν

M
λ

)

︸ ︷︷ ︸
def=(3)Eα

(M,µ)(N,ν)

+
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

no(N)

∑
λ=1

Pα
(T,τ)(N,λ )

(
M
µ

T
τ

∣∣∣N
ν

N
λ

)

︸ ︷︷ ︸
def=(4)Eα

(M,µ)(N,ν)

+
Nn

∑
L=1︸︷︷︸

L	=M,N

no(M)

∑
τ=1

no(L)

∑
λ=1

Pα
(M,τ)(L,λ )

(
M
µ

M
τ

∣∣∣N
ν

L
λ

)

︸ ︷︷ ︸
def=(5)Eα

(M,µ)(N,ν)

+
Nn

∑
L=1︸︷︷︸

L	=M,N

no(N)

∑
τ=1

no(L)

∑
λ=1

Pα
(N,τ)(L,λ )

(
M
µ

N
τ

∣∣∣N
ν

L
λ

)

︸ ︷︷ ︸
def=(6)Eα

(M,µ)(N,ν)

+ (0)Eα
(M,µ)(N,ν), (2.26)
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with

(0)Eα
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

def=
no(M)

∑
τ=1

no(M)

∑
λ=1

Pα
(M,τ)(M,λ )

(
M
µ

M
τ

∣∣∣N
ν

M
λ

)

+
no(N)

∑
τ=1

no(N)

∑
λ=1

Pα
(N,τ)(N,λ )

(
M
µ

N
τ

∣∣∣N
ν

N
λ

)

+
no(M)

∑
τ=1

no(N)

∑
λ=1

Pα
(M,τ)(N,λ )

(
M
µ

M
τ

∣∣∣N
ν

N
λ

)

+
no(N)

∑
τ=1

no(M)

∑
λ=1

Pα
(N,τ)(M,λ )

(
M
µ

N
τ

∣∣∣N
ν

M
λ

)
.

(2.27)

For the blockdiagonal exchange part we write

FαE
(M,µ)(M,ν)

Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,T

no(L)

∑
λ=1

Pα
(T,τ)(L,λ )

(
M
µ

T
τ

∣∣∣M
ν

L
λ

)

︸ ︷︷ ︸
def=(1)Eα

(M,µ)(M,ν)

= +
Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ=1

no(T)

∑
λ=1

Pα
(T,τ)(T,λ )

(
M
µ

T
τ

∣∣∣M
ν

T
λ

)

︸ ︷︷ ︸
def=(2)Eα

(M,µ)(M,ν)

+
Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ=1

no(M)

∑
λ=1

Pα
(T,τ)(M,λ )

(
M
µ

T
τ

∣∣∣M
ν

M
λ

)

︸ ︷︷ ︸
def=(3)Eα

(M,µ)(M,ν)

+
Nn

∑
L=1︸︷︷︸
L	=M

no(L)

∑
λ=1

no(M)

∑
τ=1

Pα
(M,τ)(L,λ )

(
M
µ

M
τ

∣∣∣M
ν

L
λ

)

︸ ︷︷ ︸
def=(5)Eα

(M,µ)(M,ν)

+
no(M)

∑
τ=1

no(M)

∑
λ=1

Pα
(M,τ)(M,λ )

(
M
µ

M
τ

∣∣∣M
ν

M
λ

)
︸ ︷︷ ︸

def=(0)Eα
(M,µ)(M,ν)

. (2.28)

It should be stressed once again that the ensemble of
partitive formulations of (2.21) . . . (2.28) is completely
equivalent to the compact formulations of (2.19).

2.5. Approximations for Integrals and Fock-matrix
Elements

We now turn to the discussion of four approxima-
tion methods connected with the names of Mulliken
(M) and Rüdenberg (R) and the acronyms ZIO (“Zero
Integral Overlap”) and NDIO (“Neglect of Diatomic
Integral Overlap”). ZIO and NDIO can be regarded as
two-electron extensions of the well-known ZDO and
NDDO schemes, respectively.

These four approximation methods are commonly
based on Rüdenberg’s ideas contained in his famous
short paper of 1951 entitled “On the Three- and Four-
Center Integrals in Molecular Quantum Mechanics”.
Obviously, this title suggests that Rüdenberg does
not recommend his approximation for all types of
two-center integrals. When applied to certain three-
center repulsion integrals, however, his recipe still im-
plies considerable oversimplifications, as we shall see,
which have not been discussed explicitly in his con-
tribution. Using both one- and two-electron routes of
Rüdenberg’s expansion, on the other hand, these short-
comings can be strictly avoided.

The simple recipes of Mulliken type discussed be-
low, as well as the even more primitive ZIO scheme,
will be considered here in the sense of a preliminary
study. In general, both simplifications are not invariant
with respect to rotations of any local coordinate axes,
for instance [11]. Thus, they cannot be applied with-
out imposing additional assumptions. Rüdenberg’s in-
tegral approximation as well as the NDIO concept, on
the other hand, fulfill this rotational invariance require-
ment automatically. In our view, only these two are of
practical interest in connection with a non-empirical
LCAO method. Nevertheless, since they are closely
related to Mulliken’s recipe and the ZIO scheme, an
analysis of the two simpler procedures is obligatory,
too.

Besides the integral approximations themselves, our
interest is focussed on their effect for the evaluation of
matrix elements occuring in the UHF representation.
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3. Approximations of Mulliken Type

3.1. “Unrestricted” and “Restricted” Integral
Approximations

In particular, Mulliken’s approximation intends to
reduce the four-index repulsion integrals to others with
only two indices. According to Rüdenberg, this aim
can be reached in two ways. The first (standard) ap-
proach consists in reducing a differential two-index
one-electron density to the corresponding one-electron
overlap integral and the arithmetic mean of the two re-
lated differential one-index one-electron densities:

(I)
{

Φµ(ri)Φν (ri)
}[MI

µν ] :=

Sµν

2

{
Φµ(ri)Φµ(ri)+ Φν(ri)Φν (ri)

}
. (3.1)

Alternatively, one can also impose this primitive
recipe on six-dimensional two-index two-electron or-
bital products:

(II)
{

Φµ(ri)Φν (r j)
}[MII

µν ]
:=

Sµν

2

{
Φµ(ri)Φµ(r j)+ Φν(ri)Φν (r j)

}
. (3.2)

In a Mulliken-type treatment of four-index repulsion integrals each of both routes have to be passed through
twice:

(I) (µν|τλ )[M
I
µν MI

τλ ] :=
Sµν

2

{
(µµ |τλ )[M

I
τλ ] + (νν|τλ )[M

I
τλ ]

}
:=

SµνSτλ
4

{
(µµ |ττ)+ (µµ |λ λ )+ (νν|ττ)+ (νν|λ λ )

}
, (3.3)

(II) (µν|τλ )[MII
µτ MII

νλ ] :=
Sµτ

2

{
(µν|µλ )[M

II
νλ ] + (τν|τλ )[M

II
νλ ]

}
:=

Sµτ Sνλ
4

{
(µν|µν)+ (µλ |µλ )+ (τν|τν)+ (τλ |τλ )

}
. (3.4)

Having interchanged the indices ν and τ , (3.4) equivalently reads:

(II) (µτ|νλ )[MII
µν MII

τλ ] :=
Sµτ

2

{
(µτ|µλ )[M

II
τλ ] + (ντ|νλ )[M

II
τλ ]

}
:=

Sµτ Sνλ
4

{
(µτ|µτ)+ (µλ |µλ )+ (ντ|ντ)+ (νλ |νλ )

}
. (3.5)

In addition to these formulas, which are already contained in Rüdenberg’s letter, let us consider the three-index
repulsion integrals (µµ |τλ ) and (µτ|µλ ).

(I) Using two one-electron approximations of Mulliken type we get

(µµ |τλ )[M
I
µµ MI

τλ ] := (µµ |τλ )[M
I
τλ ] :=

Sτλ
2

{(µµ |ττ)+ (µµ |λ λ )} , (3.6)

(µτ|µλ )[M
I
µτ MI

µλ ] :=
Sµτ

2

{
(µµ |µλ )[M

I
µλ ] + (ττ|µλ )[M

I
µλ ]

}
:=

Sµτ Sµλ

4

{
(µµ |µµ)+ (µµ |λ λ )+ (ττ|µµ)+ (ττ|λ λ )

}
. (3.7)

(II) Using two two-electron approximations of Mulliken type we get

(µµ |τλ )[M
II
µτ MII

µλ ] :=
Sµτ

2

{
(µµ |µλ )[M

II
µλ ] + (τµ |τλ )[M

II
µλ ]

}
:=

Sµτ Sµλ

4

{
(µµ |µµ)+ (µλ |µλ )+ (τµ |τµ)+ (τλ |τλ )

}
, (3.8)

(µτ|µλ )[M
II
µµ MII

τλ ] := (µτ|µλ )[M
II
τλ ] :=

Sτλ
2

{
(µτ|µτ)+ (µλ |µλ )

}
. (3.9)
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Hence, applying Mulliken’s approximation twice im-
plies an oversimplification of the two-index integral

(µµ |µλ )[M
I
µλ ] in (3.7) and of (µµ |µλ )[MII

µλ ] in (3.8).
Obviously, the formulations of (3.6) and (3.9) should
be preferred, because Mulliken’s simplifying recipe
there has been used only once. While the oversimpli-
fying “unrestricted” branch of approximation has been
discussed comprehensively in [7], we now turn to the
corresponding “restricted” route, which avoids such
shortcomings.

3.2. “Restricted and Combined Mulliken” Aproxim-
ations (M.R&C) for Fock-matrix Elements

The term ‘ “Restricted and Combined Mulliken” ap-
proximations (M.R&C) ’ indicates,

• that both one-electron and two-electron routes
of approximation are combined in the sense outlined
in [7], and

• that in this subsection we are going to distin-
guish four-index and three-index interactions from one
another and those of two-index or one-index type.
All different types of three-index integrals occuring
in (2.10) . . . (2.18) will be treated in such a way, that
oversimplifications are avoided by applying Mulliken’s
approximations only once. Furthermore, this time all
one- and two-index interactions are considered to be
evaluated accurately.

Distinguishing off-diagonal from diagonal matrix
elements, we define according to (2.7)

Fα [M.R&C]
µν︸ ︷︷ ︸

ν 	=µ

:= Kµν + FA[M.R&C]
µν

+ FC[M.R&C]
µν −FαE[M.R&C]

µν , (3.10)

Fα [M.R&C]
µµ := Kµµ + FA

µµ + FC[M.R&C]
µµ −FαE[M.R&C]

µµ .

(3.11)

For the off-diagonal attractive part we define according
to (2.10) and (2.11), respectively,

FA[M.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:=(0) A(M,µ)(N,ν) +(1) A[MI]
(M,µ)(N,ν), (3.12)

FA[M.R&C]
(M,µ)(M,ν)︸ ︷︷ ︸

ν 	=µ

:=(0) A(M,µ)(M,ν) +(1) A[MI]
(M,µ)(M,ν). (3.13)

For the off-diagonal Coulomb part we define according
to (2.13)

FC[M.R&C]
µν︸ ︷︷ ︸

ν 	=µ

:=(0) Cµν +(1) C[MIMI]
µν +(2) C[MI]

µν

+ 2(3)C[MII]
µν + 2(4)C[MII]

µν . (3.14)

For the diagonal Coulomb part we define according to
(2.15)

FC[M.R&C]
µµ :=(0) Cµµ +(1) C[MI]

µµ +(2) Cµµ + 2(3)Cµµ .

(3.15)

For the off-diagonal exchange part we define according
to (2.16)

FαE[M.R&C]
µν︸ ︷︷ ︸

ν 	=µ

:=(0) Eα
µν +(1) Eα [MIIMII]

µν +(2) Eα [MII]
µν

+(3)Eα [MII]
µν +(4) Eα [MI]

µν +(5) Eα [MI]
µν +(6) Eα [MII]

µν . (3.16)

For the diagonal exchange part we define according to
(2.18)

FαE[M.R&C]
µµ :=(0) Eα

µµ +(1) Eα [MII]
µµ +(2) Eα

µµ

+ (3)Eα
µµ +(5) Eα

µµ . (3.17)

The different quantities occuring in the (3.12) . . . (3.17)
are defined as follows [14]:

(1)A[MI]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:= (3.18)

(
M
µ

N
ν

)
· 1

2

{
Nn

∑
P=1︸︷︷︸

P	=M,N

(
M
µ P M

µ

)

︸ ︷︷ ︸
def=(1.1)A(M,µ ,µ)(N)

+
Nn

∑
P=1︸︷︷︸

P	=M,N

(
N
ν P N

ν

)

︸ ︷︷ ︸
def=(1.2)A(M)(N,ν,ν)

}
,

with

(1.1)A(M,µ,µ)(N)︸ ︷︷ ︸
N 	=M

=
Nn

∑
P=1

(
M
µ P M

µ

)
︸ ︷︷ ︸
=FA

(M,µ)(M,µ)

−
(

M
µ M M

µ

)
−

(
M
µ N M

µ

)

(3.19)
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and

(1.2)A(M)(N,ν,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
P=1

(
N
ν P N

ν

)
︸ ︷︷ ︸

=FA
(N,ν)(N,ν)

−
(

N
ν M N

ν

)
−

(
N
ν N N

ν

)
. (3.20)

(1)A[MI]
(M,µ)(M,ν)︸ ︷︷ ︸
ν 	=µ

:= 0. (3.21)

(1)C[MIMI]
µν︸ ︷︷ ︸

ν 	=µ

:= Sµν · 1
2

{
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

No

∑
λ=1︸︷︷︸

λ 	=µ,ν,τ

P⊕
τλ (µµ |τλ )[M

I
τλ ]

︸ ︷︷ ︸
def=(1.1)C

[MI ]
µµ

+
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

No

∑
λ=1︸︷︷︸

λ 	=µ,ν,τ

P⊕
τλ (νν|τλ )[MI

τλ ]

︸ ︷︷ ︸
def=(1.2)C

[MI ]
νν

}
(3.22)

with

(1.1)C[MI]
µµ︸ ︷︷ ︸

ν 	=µ

:=
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

No

∑
λ=1︸︷︷︸

λ 	=µ,ν,τ

P⊕
τλ Sτλ · 1

2

{
(µµ |ττ)+ (µµ |λ λ )

}
(3.23)

=
No

∑
τ=1︸︷︷︸
τ 	=µ

(µµ |ττ)
{
(P⊕S)ττ −P⊕

ττ −P⊕
ντSντ −P⊕

µτSµτ

}
− (µµ |νν)

{
(P⊕S)νν −2P⊕

νν −P⊕
µνSµν

}
,

and

(1.2)C[MI]
νν︸ ︷︷ ︸

ν 	=µ

:=
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

No

∑
λ=1︸︷︷︸

λ 	=µ,ν,τ

P⊕
τλ Sτλ · 1

2

{
(νν|ττ)+ (νν|λ λ )

}
(3.24)

=
No

∑
τ=1︸︷︷︸
τ 	=ν

(νν|ττ)
{
(P⊕S)ττ −P⊕

ττ −P⊕
τνSτν −P⊕

µτSµτ

}
−(νν|µµ)

{
(P⊕S)µµ −2P⊕

µµ −P⊕
µνSµν

}
.

(1)C[MI]
µµ :=

No

∑
τ=1︸︷︷︸
τ 	=µ

No

∑
λ=1︸︷︷︸

λ 	=µ,τ

P⊕
τλ Sτλ · 1

2

{
(µµ |ττ)+ (µµ |λ λ )

}
=

No

∑
τ=1︸︷︷︸
τ 	=µ

(µµ |ττ)
{
(P⊕S)ττ −P⊕

ττ −P⊕
µτSµτ

}
. (3.25)

(2)C[MI]
µν︸ ︷︷ ︸

ν 	=µ

:= Sµν · 1
2

{
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

P⊕
ττ (µµ |ττ)

︸ ︷︷ ︸
def=(2.1)Cµν

+
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

P⊕
ττ (νν|ττ)

︸ ︷︷ ︸
def=(2.2)Cµν

}
, (3.26)
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with

(2.1)Cµν︸ ︷︷ ︸
ν 	=µ

=
No

∑
τ=1︸︷︷︸
τ 	=µ

P⊕
ττ (µµ |ττ)−P⊕

νν (µµ |νν) (3.27)

and

(2.2)Cµν︸ ︷︷ ︸
ν 	=µ

=
No

∑
τ=1︸︷︷︸
τ 	=ν

P⊕
ττ (νν|ττ)−P⊕

νν (νν|νν) . (3.28)

(3)C[MII]
µν︸ ︷︷ ︸

ν 	=µ

:=
1
2

{
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

P⊕
µτ Sντ (µν|νµ)

︸ ︷︷ ︸
def=(3.1)Cµν

+
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

P⊕
µτSντ (µτ|τµ)

︸ ︷︷ ︸
def=(3.2)Cµν

}
, (3.29)

with

(3.1)Cµν︸ ︷︷ ︸
ν 	=µ

= (µν|νµ)
{
(P⊕S)µν −P⊕

µν −P⊕
µµSνµ

}
(3.30)

and

(3.2)Cµν︸ ︷︷ ︸
ν 	=µ

=
No

∑
τ=1︸︷︷︸
τ 	=µ

P⊕
µτ Sντ (µτ|τµ)−P⊕

µν (µν|νµ) . (3.31)

(4)C[MII]
µν︸ ︷︷ ︸

ν 	=µ

:=
1
2

{
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

P⊕
τνSµτ (µν|µν)

︸ ︷︷ ︸
def=(4.1)Cµν

+
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

P⊕
τνSµτ (τν|τν)

︸ ︷︷ ︸
def=(4.2)Cµν

}
, (3.32)

with

(4.1)Cµν︸ ︷︷ ︸
ν 	=µ

= (µν|µν)
{

P⊕Sνµ −P⊕
µν −P⊕

ννSµν

}
(3.33)

and

(4.2)Cµν︸ ︷︷ ︸
ν 	=µ

=
No

∑
τ=1︸︷︷︸
τ 	=ν

P⊕
τνSµτ (τν|τν)−P⊕

νν

{
Sµν −1

}
(νν|νν)−P⊕

µν (µν|µν) . (3.34)
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(1)Eα [MIIMII]
µν︸ ︷︷ ︸
ν 	=µ

:= Sµν · 1
2

{
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

No

∑
λ=1︸︷︷︸

λ 	=µ,ν,τ

Pα
τλ (µτ|µλ )[M

II
τλ ]

︸ ︷︷ ︸
def=(1.1)Eα[MII ]

µµ

+
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

No

∑
λ=1︸︷︷︸

λ 	=µ,ν,τ

Pα
τλ (ντ|νλ )[M

II
τλ ]

︸ ︷︷ ︸
def=(1.2)Eα[MII ]

νν

}
, (3.35)

with

(1.1)Eα [MII]
µµ︸ ︷︷ ︸

ν 	=µ

:=
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

No

∑
λ=1︸︷︷︸

λ 	=µ,ν,τ

Pα
τλ Sτλ · 1

2

{
(µτ|µτ)+ (µλ |µλ )

}
(3.36)

=
No

∑
τ=1︸︷︷︸
τ 	=µ

(µτ|µτ)
{
(Pα S)ττ −Pα

ττ −Pα
ντSντ −Pα

µτSµτ

}
− (µν|µν)

{
(Pα S)νν −2Pα

νν −Pα
µνSµν

}

and

(1.2)Eα [MII]
νν︸ ︷︷ ︸

ν 	=µ

:=
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

No

∑
λ=1︸︷︷︸

λ 	=µ,ν,τ

Pα
τλ Sτλ · 1

2

{
(ντ|ντ)+ (νλ |νλ )

}
(3.37)

=
No

∑
τ=1︸︷︷︸
τ 	=ν

(ντ|ντ)
{
(Pα S)ττ −Pα

ττ −Pα
τνSτν −Pα

µτSµτ

}
−(νµ |νµ)

{
(Pα S)µµ −2Pα

µµ −Pα
µνSµν

}
.

(1)Eα [MII]
µµ :=

No

∑
τ=1︸︷︷︸
τ 	=µ

No

∑
λ=1︸︷︷︸

λ 	=µ,τ

Pα
τλ Sτλ · 1

2

{
(µτ|µτ)+ (µλ |µλ )

}
=

No

∑
τ=1︸︷︷︸
τ 	=µ

(µτ|µτ)
{

(Pα S)ττ −Pα
ττ −Pα

µτSµτ

}
. (3.38)

(2)Eα [MII]
µν︸ ︷︷ ︸

ν 	=µ

:= Sµν · 1
2

{
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

Pα
ττ (µτ|µτ)

︸ ︷︷ ︸
def=(2.1)Eα

µν

+
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

Pα
ττ (ντ|ντ)

︸ ︷︷ ︸
def=(2.2)Eα

µν

}
, (3.39)

with

(2.1)Eα
µν︸ ︷︷ ︸

ν 	=µ

=
No

∑
τ=1︸︷︷︸
τ 	=µ

Pα
ττ (µτ|µτ)−Pα

νν (µν|µν) (3.40)

and

(2.2)Eα
µν︸ ︷︷ ︸

ν 	=µ

=
No

∑
τ=1︸︷︷︸
τ 	=ν

Pα
ττ (ντ|ντ)−Pα

νν (νν|νν) . (3.41)
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(3)Eα [MII]
µν︸ ︷︷ ︸

ν 	=µ

:=
1
2

{
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

Pα
µτSντ (µν|νµ)

︸ ︷︷ ︸
def=(3.1)Eα

µν

+
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

Pα
µτSντ (µτ|τµ)

︸ ︷︷ ︸
def=(3.2)Eα

µν

}
, (3.42)

with

(3.1)Eα
µν︸ ︷︷ ︸

ν 	=µ

= (µν|νµ)
{
(P⊕S)µν −Pα

µν −Pα
µµSνµ

}
(3.43)

and

(3.2)Eα
µν︸ ︷︷ ︸

ν 	=µ

=
No

∑
τ=1︸︷︷︸
τ 	=µ

Pα
µτSντ (µτ|τµ)−Pα

µν (µν|νµ) . (3.44)

(4)Eα [MI]
µν︸ ︷︷ ︸

ν 	=µ

:=
1
2

{
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

Pα
τνSµτ (µµ |νν)

︸ ︷︷ ︸
def=(4.1)Eα

µν

+
No

∑
τ=1︸︷︷︸

τ 	=µ,ν

Pα
τνSµτ (ττ|νν)

︸ ︷︷ ︸
def=(4.2)Eα

µν

}
, (3.45)

with

(4.1)Eα
µν︸ ︷︷ ︸

ν 	=µ

= (µµ |νν)
{
(P⊕S)νµ −Pα

µν −Pα
ννSµν

}
(3.46)

and

(4.2)Eα
µν︸ ︷︷ ︸

ν 	=µ

=
No

∑
τ=1︸︷︷︸
τ 	=ν

Pα
τνSµτ (ττ|νν)−Pα

νν

{
Sµν −1

}
(νν|νν)−Pα

µν (µµ |νν) . (3.47)

(5)Eα [MI]
µν︸ ︷︷ ︸

ν 	=µ

:=
1
2

{
No

∑
λ=1︸︷︷︸

λ 	=µ,ν

Pα
µλ Sνλ (µµ |νν)

︸ ︷︷ ︸
def=(5.1)Eα

µν

+
No

∑
λ=1︸︷︷︸

λ 	=µ,ν

Pα
µλ Sνλ (µµ |λ λ )

︸ ︷︷ ︸
def=(5.2)Eα

µν

}
, (3.48)

with

(5.1)Eα
µν︸ ︷︷ ︸

ν 	=µ

= (µµ |νν)
{
(P⊕S)µν −Pα

µν −Pα
µµSνµ

}
(3.49)
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and

(5.2)Eα
µν︸ ︷︷ ︸

ν 	=µ

=
No

∑
λ=1︸︷︷︸
λ 	=µ

Pα
µλ Sνλ (µµ |λ λ )−Pα

µνSνν (µµ |νν) . (3.50)

(6)Eα [MII]
µν︸ ︷︷ ︸

ν 	=µ

:=
1
2

{
No

∑
λ=1︸︷︷︸

λ 	=µ,ν

Pα
νλ Sµλ (µν|νµ)

︸ ︷︷ ︸
def=(6.1)Eα

µν

+
No

∑
λ=1︸︷︷︸

λ 	=µ,ν

Pα
νλ Sµλ (λ ν|νλ )

︸ ︷︷ ︸
def=(6.2)Eα

µν

}
, (3.51)

with

(6.1)Eα
µν︸ ︷︷ ︸

ν 	=µ

= (µν|νµ)
{

(P⊕S)νµ −Pα
νµ −Pα

ννSµν

}

(3.52)

and

(6.2)Eα
µν︸ ︷︷ ︸

ν 	=µ

=
No

∑
λ=1︸︷︷︸
λ 	=ν

Pα
νλ Sµλ (λ ν|νλ )−Pα

νµ (µν|νµ) .

(3.53)

4. Approximations of ZIO Type

4.1. “Unrestricted” and “Restricted” Integral
Approximations

If one assumes the atomic orbital basis as being not
only locally but globally orthonormal, all overlap in-
tegrals occuring in the context of Mulliken-type ap-
proximations have to be substituted by the correspond-
ing Kronecker symbol (“Zero Integral Overlap”, ZIO).
What follows is partially identical with the “Zero Dif-
ferential Overlap” description (ZDO) originally intro-
duced by Parr [3] for an approximate treatment of two-
index one-electron densities:

(I)
{

Φµ(ri)Φν (ri)
}[ZIOI

µν ]
:=

{
Φµ(ri)Φν (ri)

}[ZDOµν ]

:= δµν Φµ(ri)Φµ(ri). (4.1)

This well-known ZDO picture, however, now is sup-
plemented by an analogous two-index two-electron

ZIO scheme which also refers to Rüdenberg’s funda-
mental distinction:

(II)
{

Φµ(ri)Φν (r j)
}[ZIOII

µν ]
:= δµνΦµ(ri)Φµ(r j).

(4.2)

Again, in a ZIO-type treatment of four-index repulsion
integrals each of both routes have to be passed through
twice:

(I) (µν|τλ )[ZIOI
µν ZIOI

τλ ] := δµν(µµ |τλ )[ZIOI
τλ ]

:= δµνδτλ (µµ |ττ),
(4.3)

(II) (µν|τλ )[ZIOII
µτ ZIOII

νλ ] := δµτ (µν|µλ )[ZIOII
νλ ]

:= δµτ δνλ (µν|µν).
(4.4)

Having interchanged the indices ν and τ , (4.4) equiva-
lently reads

(II) (µτ|νλ )[ZIOII
µν ZIOII

τλ ] := δµν (µτ|µλ )[ZIOII
τλ ]

:= δµν δτλ (µτ|µτ).
(4.5)

In addition to these formulas, let us again consider the
three-index repulsion integrals (µµ |τλ ) and (µτ|µλ ).

(I) Using two one-electron approximations of ZIO
type we get

(µµ |τλ )[ZIOI
µµ ZIOI

τλ ] := (µµ |τλ )[ZIOI
τλ ]

:= δτλ (µµ |ττ),
(4.6)

(µτ|µλ )[ZIOI
µτ ZIOI

µλ ] := δµτ(µµ |µλ )[ZIOI
µλ ]

:= δµτδµλ (µµ |µµ).
(4.7)
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(II) Using two two-electron approximations of ZIO
type we get

(µµ |τλ )[ZIOII
µτ ZIOII

µλ ] := δµτ(µµ |µλ )[ZIOII
µλ ]

:= δµτ δµλ (µµ |µµ),
(4.8)

(µτ|µλ )[ZIOII
µµ ZIOII

τλ ] := (µτ|µλ )[ZIOII
τλ ]

:= δτλ (µτ|µτ).
(4.9)

Hence, like in the discussion above, applying the ZIO
scheme twice implies also an oversimplification of

the two-index integral (µµ |µλ )[ZIOI
µλ ] in (4.7) and of

(µµ |µλ )[ZIOII
µλ ] in (4.8). Obviously, the formulations

of (4.6) and (4.9) should be preferred, since they use
the simplifying ZIO recipe only once. While the over-
simplifying “unrestricted” branch of approximation
has been discussed comprehensively elsewhere [7], we
now turn to the corresponding “restricted” route, which
avoids such shortcomings.

4.2. “Restricted and Combined ZIO” Approxim-
ations (ZIO.R&C) for Fock-matrix Elements

The term ‘ “Restricted and Combined ZIO” approx-
imations (ZIO.R&C) ’ indicates,

• that both one-electron and two-electron routes
of approximation are combined in the sense outlined
in [7], and

• that in this subsection we are going to distin-
guish four-index and three-index interactions from one
another and those of two-index or one-index type.
All different types of three-index integrals occuring
in (2.10) . . . (2.18) will be treated in such a way that
oversimplifications are avoided by applying the ZIO
recipe only once. Furthermore, this time all one- and
two-index interactions are considered to be evaluated
accurately.

Distinguishing off-diagonal from diagonal matrix
elements, we define according to (2.7):

Fα [ZIO.R&C]
µν︸ ︷︷ ︸

ν 	=µ

:= Kµν + FA[ZIO.R&C]
µν

+ FC[ZIO.R&C]
µν −FE[ZIO.R&C]

µν ,
(4.10)

Fα [ZIO.R&C]
µµ := Kµµ + FA

µµ

+ FC[ZIO.R&C]
µµ −FE[ZIO.R&C]

µµ .
(4.11)

For the off-diagonal attractive part we define according
to (3.12) and (3.13), respectively,

FA[ZIO.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:=(0) A(M,µ)(N,ν) +(1) A[ZIOI]
(M,µ)(N,ν). (4.12)

FA[ZIO.R&C]
(M,µ)(M,ν)︸ ︷︷ ︸

ν 	=µ

:=(0) A(M,µ)(M,ν) +
(1) A[ZIOI]

(M,µ)(M,ν). (4.13)

For the off-diagonal Coulomb part we define according
to (3.14):

FC[ZIO.R&C]
µν︸ ︷︷ ︸

ν 	=µ

:=(0) Cµν +(1) C[ZIOIZIOI]
µν (4.14)

+ (2)C[ZIOI]
µν + 2(3)C[ZIOII]

µν + 2(4)C[ZIOII]
µν .

For the diagonal Coulomb part we define according to
(3.15):

FC[ZIO.R&C]
µµ :=(0) Cµµ +(1) C[ZIOI]

µµ +(2) Cµµ + 2(3)Cµµ .

(4.15)

For the off-diagonal exchange part we define according
to (3.16):

FαE[ZIO.R&C]
µν︸ ︷︷ ︸

ν 	=µ

:=(0) Eα
µν +(1) Eα [ZIOIIZIOII]

µν

+(2) Eα [ZIOII]
µν +(3) Eα [ZIOII]

µν

+(4) Eα [ZIOI]
µν +(5) Eα [ZIOI]

µν

+(6) Eα [ZIOII]
µν .

(4.16)

For the diagonal exchange part we define according
to (3.17):

FαE[ZIO.R&C]
µµ :=(0) Eα

µµ +(1) Eα [ZIOII]
µµ

+(2) Eα
µµ +(3) Eα

µµ +(5) Eα
µµ .

(4.17)

With the additional assumption of a globally orthonor-
mal atomic orbital basis, the different quantities occur-
ing in (4.12) . . . (4.17) are defined as follows. From
(3.18) and (3.21) we get:

(1)A[ZIOI]
µν︸ ︷︷ ︸

ν 	=µ

:= 0.
(4.18)
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From (3.22), (3.25), (3.26), (3.29) and (3.32) we get

(1)C[ZIOIZIOI]
µν︸ ︷︷ ︸
ν 	=µ

=(1) C[ZIOI]
µµ = (2)C[ZIOI]

µν︸ ︷︷ ︸
ν 	=µ

= (3)C[ZIOII]
µν︸ ︷︷ ︸

ν 	=µ

= (4)C[ZIOII]
µν︸ ︷︷ ︸

ν 	=µ

:= 0.
(4.19)

From (3.35), (3.38), (3.39), (3.42), (3.45), (3.48) and
(3.51) we get

(1)Eα [ZIOIIZIOII]
µν︸ ︷︷ ︸

ν 	=µ

=(1) Eα [ZIOII]
µµ

= (2)Eα [ZIOII]
µν︸ ︷︷ ︸

ν 	=µ

= (3)Eα [ZIOII]
µν︸ ︷︷ ︸

ν 	=µ

= (4)Eα [ZIOI]
µν︸ ︷︷ ︸

ν 	=µ

= (5)Eα [ZIOI]
µν︸ ︷︷ ︸

ν 	=µ

= (6)Eα [ZIOII]
µν︸ ︷︷ ︸

ν 	=µ

:= 0.

(4.20)

The off-diagonal matrix elements of (4.12), (4.13),
(4.14), and (4.16) now can be rewritten:

FA[ZIO.R&C]
µν︸ ︷︷ ︸

ν 	=µ

:=(0) Aµν ,
(4.21)

FC[ZIO.R&C]
µν︸ ︷︷ ︸

ν 	=µ

:=(0) Cµν ,
(4.22)

FαE[ZIO.R&C]
µν︸ ︷︷ ︸

ν 	=µ

:=(0) Eα
µν .

(4.23)

And the diagonal matrix elements of the (2.12), (4.15),
and (4.17) finally read

FA[ZIO.R&C]
µµ :=(0) Aµµ +(1) Aµµ , (4.24)

FC[ZIO.R&C]
µµ :=(0) Cµµ +(2) Cµµ + 2(3)Cµµ , (4.25)

FαE[ZIO.R&C]
µµ :=(0) Eα

µµ +(2) Eα
µµ +(3) Eα

µµ +(5) Eα
µµ .

(4.26)

5. Approximations of Rüdenberg Type

5.1. “Unrestricted” and “Restricted” Integral
Approximations

In particular, Rüdenberg’s approximation intends
to reduce the four-center repulsion integrals to those
of two-center type. According to his letter of 1951,
this aim can be reached in two ways. The first (stan-
dard) approach consists in expanding a differential
two-center one-electron density as follows:

(I)
{

Φµ(ri −RM)Φν (ri −RN)
}[RI

MN ] (5.1)

:=
1
2

{
no(M)

∑
µ ′=1

(
M
µ ′

N
ν

)
Φµ(ri −RM)Φµ ′(ri −RM)

+
no(N)

∑
ν ′=1

(
M
µ

N
ν ′

)
Φν ′(ri −RN)Φν (ri −RN)

}
.

Alternatively, one can also impose such an expan-
sion on six-dimensional two-center two-electron or-
bital products:

(II)
{

Φµ(ri −RM)Φν (r j −RN)
}[RII

MN ]
(5.2)

:=
1
2

{
no(M)

∑
µ ′=1

(
M
µ ′

N
ν

)
Φµ(ri −RM)Φµ ′(r j −RM)

+
no(N)

∑
ν ′=1

(
M
µ

N
ν ′

)
Φν ′(ri−RN)Φν (r j −RN)

}
.

In a Rüdenberg-type treatment of four-center repulsion
integrals each of both routes have to be passed through
twice:

(I)
(

M
µ

N
ν

∣∣∣T
τ

L
λ

)[RI
MN RI

TL]
:=

1
2

{
no(M)

∑
µ ′=1

(
M
µ ′

N
ν

)(
M
µ

M
µ ′

∣∣∣T
τ

L
λ

)[RI
TL]

+
no(N)

∑
ν ′=1

(
M
µ

N
ν ′

)(
N
ν ′

N
ν

∣∣∣T
τ

L
λ

)[RI
TL]

}

:=
1
4

{
no(M)

∑
µ ′=1

(
M
µ ′

N
ν

)[
no(T )

∑
τ ′=1

(
T
τ ′

L
λ

)(
M
µ

M
µ ′

∣∣∣ T
τ

T
τ ′

)
+

no(L)

∑
λ ′=1

(
T
τ

L
λ ′

)(
M
µ

M
µ ′

∣∣∣ L
λ ′

L
λ

)]
(5.3)
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+
no(N)

∑
ν ′=1

(
M
µ

N
ν ′

)[
no(T )

∑
τ ′=1

(
T
τ ′

L
λ

)(
N
ν ′

N
ν

∣∣∣ T
τ

T
τ ′

)
+

no(L)

∑
λ ′=1

(
T
τ

L
λ ′

)(
N
ν ′

N
ν

∣∣∣ L
λ ′

L
λ

)]}
,

(II)
(

M
µ

N
ν

∣∣∣ T
τ

L
λ

)[RII
MT RII

NL]
:=

1
2

{
no(M)

∑
µ ′=1

(
M
µ ′

T
τ

)(
M
µ

N
ν

∣∣∣ M
µ ′

L
λ

)[RII
NL]

+
no(T )

∑
τ ′=1

(
M
µ

T
τ ′

)(
T
τ ′

N
ν

∣∣∣ T
τ

L
λ

)[RII
NL]

}

:=
1
4

{
no(M)

∑
µ ′=1

(
M
µ ′

T
τ

)[
no(N)

∑
ν ′=1

(
N
ν ′

L
λ

)(
M
µ

N
ν

∣∣∣ M
µ ′

N
ν ′

)
+

no(L)

∑
λ ′=1

(
N
ν

L
λ ′

)(
M
µ

L
λ ′

∣∣∣ M
µ ′

L
λ

)]
(5.4)

+
no(T )

∑
τ ′=1

(
M
µ

T
τ ′

)[
no(N)

∑
ν ′=1

(
N
ν ′

L
λ

)(
T
τ ′

N
ν

∣∣∣ T
τ

N
ν ′

)
+

no(L)

∑
λ ′=1

(
N
ν

L
λ ′

)(
T
τ ′

L
λ ′

∣∣∣ T
τ

L
λ

)]}
.

Having interchanged N and ν with T and τ , respectively, (5.4) equivalently reads

(II)
(

M
µ

T
τ

∣∣∣N
ν

L
λ

)[RII
MN RII

TL]
:=

1
2

{
no(M)

∑
µ ′=1

(
M
µ ′

N
ν

)(
M
µ

T
τ

∣∣∣ M
µ ′

L
λ

)[RII
TL]

+
no(N)

∑
ν ′=1

(
M
µ

N
ν ′

)(
N
ν ′

T
τ

∣∣∣N
ν

L
λ

)[RII
TL]

}

:=
1
4

{
no(M)

∑
µ ′=1

(
M
µ ′

N
ν

)[
no(T)

∑
τ ′=1

(
T
τ ′

L
λ

)(
M
µ

T
τ

∣∣∣ M
µ ′

T
τ ′

)
+

no(L)

∑
λ ′=1

(
T
τ

L
λ ′

)(
M
µ

L
λ ′

∣∣∣ M
µ ′

L
λ

)]
(5.5)

+
no(N)

∑
ν ′=1

(
M
µ

N
ν ′

)[
no(T )

∑
τ ′=1

(
T
τ ′

L
λ

)(
N
ν ′

T
τ

∣∣∣N
ν

T
τ ′

)
+

no(L)

∑
λ ′=1

(
T
τ

L
λ ′

)(
N
ν ′

L
λ ′

∣∣∣N
ν

L
λ

)]}
.

In addition to these formulas, which are already contained in Rüdenberg’s letter, let us consider the three-center

repulsion integrals
(

M
µ

M
ν

∣∣∣T
τ

L
λ

)
and

(
M
µ

T
τ

∣∣∣M
ν

L
λ

)
.

(I) Using two one-electron approximations of Rüdenberg type we get

(
M
µ

M
ν

∣∣∣ T
τ

L
λ

)[RI
MMRI

TL]
:=

(
M
µ

M
ν

∣∣∣ T
τ

L
λ

)[RI
TL]

:=
1
2

{
no(T )

∑
τ ′=1

(
T
τ ′

L
λ

)(
M
µ

M
ν

∣∣∣ T
τ

T
τ ′

)
+

no(L)

∑
λ ′=1

(
T
τ

L
λ ′

)(
M
µ

M
ν

∣∣∣ L
λ ′

L
λ

)}
, (5.6)

(
M
µ

T
τ

∣∣∣M
ν

L
λ

)[RI
MT RI

NL]
:=

1
2

{
no(M)

∑
µ ′=1

(
M
µ ′

T
τ

)(
M
µ

M
µ ′

∣∣∣M
ν

L
λ

)[RI
ML]

+
no(T)

∑
τ ′=1

(
M
µ

T
τ ′

)(
T
τ ′

T
τ

∣∣∣M
ν

L
λ

)[RI
ML]

}

:=
1
4

{
no(M)

∑
µ ′=1

(
M
µ ′

T
τ

)[
no(M)

∑
ν ′=1

(
M
ν ′

L
λ

)(
M
µ

M
µ ′

∣∣∣M
ν

M
ν ′

)
+

no(L)

∑
λ ′=1

(
M
ν

L
λ ′

)(
M
µ

M
µ ′

∣∣∣ L
λ ′

L
λ

)]
(5.7)

+
no(T )

∑
τ ′=1

(
M
µ

T
τ ′

)[
no(M)

∑
ν ′=1

(
M
ν ′

L
λ

)(
T
τ ′

T
τ

∣∣∣M
ν

M
ν ′

)
+

no(L)

∑
λ ′=1

(
M
ν

L
λ ′

)(
T
τ ′

T
τ

∣∣∣ L
λ ′

L
λ

)]}
.

(II) Using two two-electron approximations of Rüdenberg type we get

(
M
µ

M
ν

∣∣∣ T
τ

L
λ

)[RII
MT RII

ML]
:=

1
2

{
no(M)

∑
µ ′=1

(
M
µ ′

T
τ

)(
M
µ

M
ν

∣∣∣ M
µ ′

L
λ

)[RII
ML]

+
no(T )

∑
τ ′=1

(
M
µ

T
τ ′

)(
T
τ ′

M
ν

∣∣∣T
τ

L
λ

)[RII
ML]

}

:=
1
4

{
no(M)

∑
µ ′=1

(
M
µ ′

T
τ

)[
no(M)

∑
ν ′=1

(
M
ν ′

L
λ

)(
M
µ

M
ν

∣∣∣ M
µ ′

M
ν ′

)
+

no(L)

∑
λ ′=1

(
M
ν

L
λ ′

)(
M
µ

L
λ ′

∣∣∣ M
µ ′

L
λ

)]
(5.8)
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+
no(T)

∑
τ ′=1

(
M
µ

T
τ ′

)[
no(M)

∑
ν ′=1

(
M
ν ′

L
λ

)(
T
τ ′

M
ν

∣∣∣ T
τ

M
ν ′

)
+

no(L)

∑
λ ′=1

(
M
ν

L
λ ′

)(
T
τ ′

L
λ ′

∣∣∣ T
τ

L
λ

)]}
,

(
M
µ

T
τ

∣∣∣M
ν

L
λ

)[RII
MMRII

TL]
:=

(
M
µ

T
τ

∣∣∣M
ν

L
λ

)[RII
TL]

:=
1
2

{
no(T )

∑
τ ′=1

(
T
τ ′

L
λ

)(
M
µ

T
τ

∣∣∣M
ν

T
τ ′

)
+

no(L)

∑
λ ′=1

(
T
τ

L
λ ′

)(
M
µ

L
λ ′

∣∣∣M
ν

L
λ

)}
. (5.9)

Hence, applying Rüdenberg’s approximation twice
implies an oversimplification of the two-center inte-

gral
(

M
µ

M
µ ′

∣∣∣M
ν

L
λ

)[RI
ML]

in (5.7) and of
(

M
µ

M
ν

∣∣∣ M
µ ′

L
λ

)[RII
ML]

in (5.8). Obviously, the formulations of (5.6) and (5.9)
should be preferred, since they use Rüdenberg’s recipe
only once. While the oversimplifying “unrestricted”
branch of approximation has been discussed compre-
hensively in [7], we now turn to the corresponding “re-
stricted” route, which avoids such shortcomings.

5.2. “Restricted and Combined Rüdenberg” Approx-
imations (R.R&C) for Fock-matrix Elements

The term ‘ “Restricted and Combined Rüdenberg”
approximations (R.R&C) ’ indicates,

• that both one-electron and two-electron routes
of approximation are combined in the sense outlined
in [7], and

• that in this subsection we are going to distinguish
four-center and three-center interactions from one an-
other and those of two-center or one-center type. All
different types of three-center integrals occuring in
(2.21) . . . (2.28) will be treated in such a way that over-

simplifications are avoided by applying Rüdenberg’s
approximations only once. Furthermore, this time all
one- and two-center interactions are considered to be
evaluated accurately.

Distinguishing off-blockdiagonal from blockdiago-
nal matrix elements we define according to (2.19)

Fα [R.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:= K(M,µ)(N,ν) + FA[R.R&C]
(M,µ)(N,ν)

+ FC[R.R&C]
(M,µ)(N,ν) −FαE[R.R&C]

(M,µ)(N,ν) ,
(5.10)

Fα [R.R&C]
(M,µ)(M,ν) := K(M,µ)(M,ν) + FA

(M,µ)(M,ν)

+ FC[R.R&C]
(M,µ)(M,ν) −FαE[R.R&C]

(M,µ)(M,ν) .
(5.11)

For the off-blockdiagonal attractive part we define ac-
cording to (2.21)

FA[R.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:= (0)A(M,µ)(N,ν) + (1)A
[RI]
(M,µ)(N,ν). (5.12)

For the off-blockdiagonal Coulomb part we define according to (2.23)

FC[R.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:= (0)C(M,µ)(N,ν) + (1)C
[RIRI]
(M,µ)(N,ν) + (2)C

[RI]
(M,µ)(N,ν) + 2(3)C

[RII]
(M,µ)(N,ν) + 2(4)C

[RII]
(M,µ)(N,ν). (5.13)

For the blockdiagonal Coulomb part we define according to (2.25)

FC[R.R&C]
(M,µ)(M,ν) :=(0) C(M,µ)(M,ν) +

(1) C[RI]
(M,µ)(M,ν) +(2) C(M,µ)(M,ν) + 2(3)C(M,µ)(M,ν). (5.14)

For the off-blockdiagonal exchange part we define according to (2.26)

FαE[R.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:=(0) Eα
(M,µ)(N,ν) +(1) Eα [RIIRII]

(M,µ)(N,ν) +(2) Eα [RII]
(M,µ)(N,ν) +(3) Eα [RII]

(M,µ)(N,ν)

+ (4)Eα [RI]
(M,µ)(N,ν) +(5) Eα [RI]

(M,µ)(N,ν) +(6) Eα [RII]
(M,µ)(N,ν).

(5.15)
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For the blockdiagonal exchange part we define according to (2.28)

FαE[R.R&C]
(M,µ)(M,ν) :=(0) Eα

(M,µ)(M,ν) +
(1) Eα [RII]

(M,µ)(M,ν) +
(2) Eα

(M,µ)(M,ν) +(3) Eα
(M,µ)(M,ν) +(5) Eα

(M,µ)(M,ν). (5.16)

The different quantities occuring in (5.12) . . . (5.16) are defined as follows [14]:

(1)A[RI]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:=
1
2

{
no(M)

∑
µ ′=1

(
M
µ ′

N
ν

) Nn

∑
P=1︸︷︷︸

P	=M,N

(
M
µ P M

µ ′
)

︸ ︷︷ ︸
def=(1.1)A(M,µ ,µ′)(N)

+
no(N)

∑
ν ′=1

(
M
µ

N
ν ′

) Nn

∑
P=1︸︷︷︸

P	=M,N

(
N
ν ′ P

N
ν

)

︸ ︷︷ ︸
def=(1.2)A(M)(N,ν′ ,ν)

}
, (5.17)

with

(1.1)A(M,µ,µ ′)(N)︸ ︷︷ ︸
N 	=M

=
Nn

∑
P=1

(
M
µ P M

µ ′
)

︸ ︷︷ ︸
=FA

(M,µ)(M,µ′)

−
(

M
µ M M

µ ′
)
−

(
M
µ N M

µ ′
)

(5.18)

and

(1.2)A(M)(N,ν ′,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
P=1

(
N
ν ′ P

N
ν

)
︸ ︷︷ ︸
=FA

(N,ν′)(N,ν)

−
(

N
ν ′ M

N
ν

)
−

(
N
ν ′ N

N
ν

)
. (5.19)

Introducing the abbreviation

Q⊕
(M)(N,ν,ν ′)

def=
no(M)

∑
µ=1

P⊕
(M,µ)(N,ν)

(
M
µ

N
ν ′

)
(5.20)

we define:

(1)C[RIRI]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:=
1
2

{
no(M)

∑
µ ′=1

(
M
µ ′

N
ν

) Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,N,T

no(L)

∑
λ=1

P⊕
(T,τ)(L,λ )

(
M
µ

M
µ ′

∣∣∣ T
τ

L
λ

)[RI
TL]

︸ ︷︷ ︸
def=(1.1)C[RI ]

(M,µ ,µ′)(N)

+
no(N)

∑
ν ′=1

(
M
µ

N
ν ′

) Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,N,T

no(L)

∑
λ=1

P⊕
(T,τ)(L,λ )

(
N
ν ′

N
ν

∣∣∣T
τ

L
λ

)[RI
TL]

︸ ︷︷ ︸
def=(1.2)C[RI ]

(M)(N,ν′ ,ν)

}
,

(5.21)
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with

(1.1)C[RI]
(M,µ,µ ′)(N)︸ ︷︷ ︸
N 	=M

:=
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,N,T

no(L)

∑
λ=1

P⊕
(T,τ)(L,λ )

1
2

{
no(T )

∑
τ ′=1

(
T
τ ′

L
λ

)(
M
µ

M
µ ′

∣∣∣ T
τ

T
τ ′

)
+

no(L)

∑
λ ′=1

(
T
τ

L
λ ′

)(
M
µ

M
µ ′

∣∣∣ L
λ ′

L
λ

)}

=
Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ,τ ′=1

(
M
µ

M
µ ′

∣∣∣ T
τ

T
τ ′

){
((P⊕S))(T,τ)(T,τ ′)−P⊕

(T,τ)(T,τ ′)−Q⊕
(N)(T,τ,τ ′) −Q⊕

(M)(T,τ,τ ′)

}

−
no(N)

∑
τ,τ ′=1

(
M
µ

M
µ ′

∣∣∣N
τ

N
τ ′

){
((P⊕S))(N,τ)(N,τ ′) −2P⊕

(N,τ)(N,τ ′)−Q⊕
(M)(N,τ,τ ′)

}
(5.22)

and

(1.2)C[RI]
(M)(N,ν ′ ,ν)︸ ︷︷ ︸
N 	=M

:=
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T)

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,N,T

no(L)

∑
λ=1

P⊕
(T,τ)(L,λ )

1
2

{
no(T )

∑
τ ′=1

(
T
τ ′

L
λ

)(
N
ν ′

N
ν

∣∣∣ T
τ

T
τ ′

)
+

no(L)

∑
λ ′=1

(
T
τ

L
λ ′

)(
N
ν ′

N
ν

∣∣∣ L
λ ′

L
λ

)}

=
Nn

∑
T=1︸︷︷︸
T 	=N

no(T )

∑
τ,τ ′=1

(
N
ν ′

N
ν

∣∣∣T
τ

T
τ ′

){
((P⊕S))(T,τ)(T,τ ′) −P⊕

(T,τ)(T,τ ′)−Q⊕
(N)(T,τ,τ ′)−Q⊕

(M)(T,τ,τ ′)

}

−
no(M)

∑
τ,τ ′=1

(
N
ν ′

N
ν

∣∣∣M
τ

M
τ ′

){
((P⊕S))(M,τ)(M,τ ′) −2P⊕

(M,τ)(M,τ ′) −Q⊕
(M,τ,τ ′)(N)

}
. (5.23)

(1)C[RI]
(M,µ)(M,ν) :=

Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,T

no(L)

∑
λ=1

P⊕
(T,τ)(L,λ )

1
2

{
no(T )

∑
τ ′=1

(
T
τ ′

L
λ

)(
M
µ

M
ν

∣∣∣ T
τ

T
τ ′

)
+

no(L)

∑
λ ′=1

(
T
τ

L
λ ′

)(
M
µ

M
ν

∣∣∣ L
λ ′

L
λ

)}

=
Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ=1

no(T )

∑
τ ′=1

(
M
µ

M
ν

∣∣∣T
τ

T
τ ′

){
((P⊕S))(T,τ)(T,τ ′) −P⊕

(T,τ)(T,τ ′) −Q⊕
(M)(T,τ,τ ′)

}
. (5.24)

(2)C[RI]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:=
1
2

{
no(M)

∑
µ ′=1

(
M
µ ′

N
ν

) Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T)

∑
τ,λ=1

P⊕
(T,τ)(T,λ )

(
M
µ

M
µ ′

∣∣∣ T
τ

T
λ

)

︸ ︷︷ ︸
def=(2.1)C(M,µ ,µ′)(N)

+
no(N)

∑
ν ′=1

(
M
µ

N
ν ′

) Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ,λ=1

P⊕
(T,τ)(T,λ )

(
N
ν ′

N
ν

∣∣∣T
τ

T
λ

)

︸ ︷︷ ︸
def=(2.2)C(M)(N,ν′ ,ν)

}
,

(5.25)
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with

(2.1)C(M,µ,µ ′)(N)︸ ︷︷ ︸
N 	=M

=
Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ,λ=1

P⊕
(T,τ)(T,λ )

(
M
µ

M
µ ′

∣∣∣T
τ

T
λ

)
−

no(N)

∑
τ,λ=1

P⊕
(N,τ)(N,λ )

(
M
µ

M
µ ′

∣∣∣N
τ

N
λ

)
(5.26)

and

(2.2)C(M)(N,ν ′ ,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
T=1︸︷︷︸
T 	=N

no(T )

∑
τ,λ=1

P⊕
(T,τ)(T,λ )

(
N
ν ′

N
ν

∣∣∣ T
τ

T
λ

)
−

no(M)

∑
τ,λ=1

P⊕
(M,τ)(M,λ )

(
N
ν ′

N
ν

∣∣∣M
τ

M
λ

)
. (5.27)

(3)C[RII]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:=
1
2

{
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

no(M)

∑
λ=1

P⊕
(M,λ )(T,τ)

no(N)

∑
ν ′=1

(
N
ν ′

T
τ

)(
M
µ

N
ν

∣∣∣ N
ν ′

M
λ

)

︸ ︷︷ ︸
def=(3.1)C(M,µ)(N,ν)

+
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

no(M)

∑
λ=1

P⊕
(M,λ )(T,τ)

no(T )

∑
τ ′=1

(
N
ν

T
τ ′

)(
M
µ

T
τ ′

∣∣∣ T
τ

M
λ

)

︸ ︷︷ ︸
def=(3.2)C(M,µ)(N,ν)

}
,

(5.28)

with

(3.1)C(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
T=1

no(T )

∑
τ=1

no(M)

∑
λ=1

P⊕
(M,λ )(T,τ)

no(N)

∑
ν ′=1

(
N
ν ′

T
τ

)(
M
µ

N
ν

∣∣∣ N
ν ′

M
λ

)

−
no(N)

∑
τ=1

no(M)

∑
λ=1

P⊕
(M,λ )(N,τ)

(
M
µ

N
ν

∣∣∣N
τ

M
λ

)
−

no(M)

∑
τ=1

no(M)

∑
λ=1

P⊕
(M,λ )(M,τ)

no(N)

∑
ν ′=1

(
N
ν ′

M
τ

)(
M
µ

N
ν

∣∣∣ N
ν ′

M
λ

) (5.29)

and

(3.2)C(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ=1

no(M)

∑
λ=1

P⊕
(M,λ )(T,τ)

no(T )

∑
τ ′=1

(
N
ν

T
τ ′

)(
M
µ

T
τ ′

∣∣∣ T
τ

M
λ

)
−

no(N)

∑
τ=1

no(M)

∑
λ=1

P⊕
(M,λ )(N,τ)

(
M
µ

N
ν

∣∣∣N
τ

M
λ

)
. (5.30)

(4)C[RII]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:=
1
2

{
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

no(N)

∑
λ=1

P⊕
(T,τ)(N,λ )

no(M)

∑
µ ′=1

(
M
µ ′

T
τ

)(
M
µ

N
ν

∣∣∣ M
µ ′

N
λ

)

︸ ︷︷ ︸
def=(4.1)C(M,µ)(N,ν)

+
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

no(N)

∑
λ=1

P⊕
(T,τ)(N,λ )

no(T )

∑
τ ′=1

(
M
µ

T
τ ′

)(
T
τ ′

N
ν

∣∣∣ T
τ

N
λ

)

︸ ︷︷ ︸
def=(4.2)C(M,µ)(N,ν)

}
,

(5.31)
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with

(4.1)C(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
T=1

no(T )

∑
τ=1

no(N)

∑
λ=1

P⊕
(T,τ)(N,λ )

no(M)

∑
µ ′=1

(
M
µ ′

T
τ

)(
M
µ

N
ν

∣∣∣ M
µ ′

N
λ

)

−
no(N)

∑
τ=1

no(N)

∑
λ=1

P⊕
(N,τ)(N,λ )

no(M)

∑
µ ′=1

(
M
µ ′

N
τ

)(
M
µ

N
ν

∣∣∣ M
µ ′

N
λ

)
−

no(M)

∑
τ=1

no(N)

∑
λ=1

P⊕
(M,τ)(N,λ )

(
M
µ

N
ν

∣∣∣M
τ

N
λ

)
,

(5.32)

and

(4.2)C(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
T=1︸︷︷︸
T 	=N

no(T )

∑
τ=1

no(N)

∑
λ=1

P⊕
(T,τ)(N,λ )

no(T )

∑
τ ′=1

(
M
µ

T
τ ′

)(
T
τ ′

N
ν

∣∣∣ T
τ

N
λ

)
−

no(M)

∑
τ=1

no(N)

∑
λ=1

P⊕
(M,τ)(N,λ )

(
M
µ

N
ν

∣∣∣M
τ

N
λ

)
. (5.33)

Introducing the abbreviation

Qα
(M)(N,ν,ν ′)

def=
no(M)

∑
µ=1

Pα
(M,µ)(N,ν)

(
M
µ

N
ν ′

)
(5.34)

we define:

(1)Eα [RIIRII]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:=
1
2

{
no(M)

∑
µ ′=1

(
M
µ ′

N
ν

) Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,N,T

no(L)

∑
λ=1

Pα
(T,τ)(L,λ )

(
M
µ

T
τ

∣∣∣ M
µ ′

L
λ

)[RII
TL]

︸ ︷︷ ︸
def=(1.1)E

α[RII ]
(M,µ ,µ′)(N)

+
no(N)

∑
ν ′=1

(
M
µ

N
ν ′

) Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T)

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,N,T

no(L)

∑
λ=1

Pα
(T,τ)(L,λ )

(
N
ν ′

T
τ

∣∣∣N
ν

L
λ

)[RII
TL]

︸ ︷︷ ︸
def=(1.2)E

α[RII ]
(M)(N,ν′ ,ν)

}
,

(5.35)

with

(1.1)E
α [RII]
(M,µ,µ ′)(N)︸ ︷︷ ︸
N 	=M

:=
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,N,T

no(L)

∑
λ=1

Pα
(T,τ)(L,λ )

1
2

{
no(T )

∑
τ ′=1

(
T
τ ′

L
λ

)(
M
µ

T
τ

∣∣∣ M
µ ′

T
τ ′

)
+

no(L)

∑
λ ′=1

(
T
τ

L
λ ′

)(
M
µ

L
λ ′

∣∣∣ M
µ ′

L
λ

)}

=
Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ,τ ′=1

(
M
µ

T
τ

∣∣∣ M
µ ′

T
τ ′

){
1
2

[
((Pα S))(T,τ)(T,τ ′) + ((Pα S))(T,τ ′)(T,τ)

]
−Pα

(T,τ)(T,τ ′)

− 1
2

[
Qα

(N)(T,τ,τ ′) + Qα
(N)(T,τ ′,τ)

]
− 1

2

[
Qα

(M)(T,τ,τ ′) + Qα
(M)(T,τ ′,τ)

]}

−
no(N)

∑
τ,τ ′=1

(
M
µ

N
τ

∣∣∣ M
µ ′

N
τ ′

){
1
2

[
((Pα S))(N,τ)(N,τ ′) + ((Pα S))(N,τ ′)(N,τ)

]
− 2Pα

(N,τ)(N,τ ′) −
1
2

[
Qα

(M)(N,τ,τ ′) + Qα
(M)(N,τ ′,τ)

]}
(5.36)
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and

(1.2)E
α [RII]
(M)(N,ν ′ ,ν)︸ ︷︷ ︸
N 	=M

:=
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,N,T

no(L)

∑
λ=1

Pα
(T,τ)(L,λ )

1
2

{
no(T )

∑
τ ′=1

(
T
τ ′

L
λ

)(
N
ν ′

T
τ

∣∣∣N
ν

T
τ ′

)
+

no(L)

∑
λ ′=1

(
T
τ

L
λ ′

)(
N
ν ′

L
λ ′

∣∣∣N
ν

L
λ

)}

=
Nn

∑
T=1︸︷︷︸
T 	=N

no(T )

∑
τ,τ ′=1

(
N
ν ′

T
τ

∣∣∣N
ν

T
τ ′

){
1
2

[
((Pα S))(T,τ)(T,τ ′) + ((Pα S))(T,τ ′)(T,τ)

]
−Pα

(T,τ)(T,τ ′)

− 1
2

[
Qα

(N)(T,τ,τ ′) + Qα
(N)(T,τ ′,τ)

]
− 1

2

[
Qα

(M)(T,τ,τ ′) + Qα
(M)(T,τ ′,τ)

]}

−
no(M)

∑
τ,τ ′=1

(
N
ν ′

M
τ

∣∣∣N
ν

M
τ ′

){
1
2

[
((Pα S))(M,τ)(M,τ ′) + ((Pα S))(M,τ ′)(M,τ)

]

− 2Pα
(M,τ)(M,τ ′)−

1
2

[
Qα

(M,τ,τ ′)(N) + Qα
(M,τ ′,τ)(N)

]}
. (5.37)

(1)E
α [RII]
(M,µ)(M,ν) :=

Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ=1

Nn

∑
L=1︸︷︷︸

L	=M,T

no(L)

∑
λ=1

Pα
(T,τ)(L,λ )

1
2

{
no(T )

∑
τ ′=1

(
T
τ ′

L
λ

)(
M
µ

T
τ

∣∣∣M
ν

T
τ ′

)
+

no(L)

∑
λ ′=1

(
T
τ

L
λ ′

)(
M
µ

L
λ ′

∣∣∣M
ν

L
λ

)}

=
Nn

∑
T=1︸︷︷︸
T 	=M

no(T )

∑
τ=1

no(T )

∑
τ ′=1

(
M
µ

T
τ

∣∣∣M
ν

T
τ ′

){
1
2

[
((Pα S))(T,τ)(T,τ ′) + ((Pα S))(T,τ ′)(T,τ)

]

− Pα
(T,τ)(T,τ ′) −

1
2

[
Qα

(M)(T,τ,τ ′) + Qα
(M)(T,τ ′,τ)

]}
. (5.38)

(2)E
α [RII]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:=
1
2

{
no(M)

∑
µ ′=1

(
M
µ ′

N
ν

) Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ,λ=1

Pα
(T,τ)(T,λ )

(
M
µ

T
τ

∣∣∣ M
µ ′

T
λ

)

︸ ︷︷ ︸
def=(2.1)Eα

(M,µ ,µ′)(N)

+
no(N)

∑
ν ′=1

(
M
µ

N
ν ′

) Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ,λ=1

Pα
(T,τ)(T,λ )

(
N
ν ′

T
τ

∣∣∣N
ν

T
λ

)}
,

︸ ︷︷ ︸
def=(2.2)E

α
(M)(N,ν′ ,ν)

(5.39)
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with

(2.1)E
α
(M,µ,µ ′)(N)︸ ︷︷ ︸
N 	=M

=
Nn

∑
T=1︸︷︷︸
T 	=M

no(T)

∑
τ,λ=1

Pα
(T,τ)(T,λ )

(
M
µ

T
τ

∣∣∣ M
µ ′

T
λ

)
−

no(N)

∑
τ,λ=1

Pα
(N,τ)(N,λ )

(
M
µ

N
τ

∣∣∣ M
µ ′

N
λ

)
(5.40)

and

(2.2)E
α
(M)(N,ν ′ ,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
T=1︸︷︷︸
T 	=N

no(T )

∑
τ,λ=1

Pα
(T,τ)(T,λ )

(
N
ν ′

T
τ

∣∣∣N
ν

T
λ

)
−

no(M)

∑
τ,λ=1

Pα
(M,τ)(M,λ )

(
N
ν ′

M
τ

∣∣∣N
ν

M
λ

)
. (5.41)

(3)E
α [RII]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:=
1
2

{
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

no(M)

∑
λ=1

Pα
(M,λ )(T,τ)

no(N)

∑
ν ′=1

(
N
ν ′

T
τ

)(
M
µ

N
ν ′

∣∣∣N
ν

M
λ

)

︸ ︷︷ ︸
def=(3.1)Eα

(M,µ)(N,ν)

+
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T)

∑
τ=1

no(M)

∑
λ=1

Pα
(M,λ )(T,τ)

no(T )

∑
τ ′=1

(
N
ν

T
τ ′

)(
M
µ

T
τ

∣∣∣ T
τ ′

M
λ

)

︸ ︷︷ ︸
def=(3.2)Eα

(M,µ)(N,ν)

}
,

(5.42)

with

(3.1)E
α
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
T=1

no(T)

∑
τ=1

no(M)

∑
λ=1

Pα
(M,λ )(T,τ)

no(N)

∑
ν ′=1

(
N
ν ′

T
τ

)(
M
µ

N
ν ′

∣∣∣N
ν

M
λ

)

−
no(N)

∑
τ=1

no(M)

∑
λ=1

Pα
(M,λ )(N,τ)

(
M
µ

N
τ

∣∣∣N
ν

M
λ

)
−

no(M)

∑
τ=1

no(M)

∑
λ=1

Pα
(M,λ )(M,τ)

no(N)

∑
ν ′=1

(
N
ν ′

M
τ

)(
M
µ

N
ν ′

∣∣∣N
ν

M
λ

) (5.43)

and

(3.2)E
α
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
T=1︸︷︷︸
T 	=M

no(T)

∑
τ=1

no(M)

∑
λ=1

Pα
(M,λ )(T,τ)

no(T )

∑
τ ′=1

(
N
ν

T
τ ′

)(
M
µ

T
τ

∣∣∣ T
τ ′

M
λ

)
−

no(N)

∑
τ=1

no(M)

∑
λ=1

Pα
(M,λ )(N,τ)

(
M
µ

N
τ

∣∣∣N
ν

M
λ

)
. (5.44)
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(4)E
α [RI]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:=
1
2

{
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

no(N)

∑
λ=1

Pα
(T,τ)(N,λ )

no(M)

∑
µ ′=1

(
M
µ ′

T
τ

)(
M
µ

M
µ ′

∣∣∣N
ν

N
λ

)

︸ ︷︷ ︸
def=(4.1)E

α
(M,µ)(N,ν)

+
Nn

∑
T=1︸︷︷︸

T 	=M,N

no(T )

∑
τ=1

no(N)

∑
λ=1

Pα
(T,τ)(N,λ )

no(T )

∑
τ ′=1

(
M
µ

T
τ ′

)(
T
τ ′

T
τ

∣∣∣N
ν

N
λ

)

︸ ︷︷ ︸
def=(4.2)E

α
(M,µ)(N,ν)

} (5.45)

with

(4.1)E
α
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
T=1

no(T)

∑
τ=1

no(N)

∑
λ=1

Pα
(T,τ)(N,λ )

no(M)

∑
µ ′=1

(
M
µ ′

T
τ

)(
M
µ

M
µ ′

∣∣∣N
ν

N
λ

)

−
no(N)

∑
τ=1

no(N)

∑
λ=1

Pα
(N,τ)(N,λ )

no(M)

∑
µ ′=1

(
M
µ ′

N
τ

)(
M
µ

M
µ ′

∣∣∣N
ν

N
λ

)
−

no(M)

∑
τ=1

no(N)

∑
λ=1

Pα
(M,τ)(N,λ )

(
M
µ

M
τ

∣∣∣N
ν

N
λ

) (5.46)

and

(4.2)E
α
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
T=1︸︷︷︸
T 	=N

no(T)

∑
τ=1

no(N)

∑
λ=1

Pα
(T,τ)(N,λ )

no(T )

∑
τ ′=1

(
M
µ

T
τ ′

)(
T
τ ′

T
τ

∣∣∣N
ν

N
λ

)
−

no(M)

∑
τ=1

no(N)

∑
λ=1

Pα
(M,τ)(N,λ )

(
M
µ

M
τ

∣∣∣N
ν

N
λ

)
. (5.47)

(5)E
α [RI]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:=
1
2

{
Nn

∑
L=1︸︷︷︸

L	=M,N

no(M)

∑
τ=1

no(L)

∑
λ=1

Pα
(M,τ)(L,λ )

no(N)

∑
ν ′=1

(
N
ν ′

L
λ

)(
M
µ

M
τ

∣∣∣N
ν

N
ν ′

)

︸ ︷︷ ︸
def=(5.1)E

α
(M,µ)(N,ν)

+
Nn

∑
L=1︸︷︷︸

L	=M,N

no(M)

∑
τ=1

no(L)

∑
λ=1

Pα
(M,τ)(L,λ )

no(L)

∑
λ ′=1

(
N
ν

L
λ ′

)(
M
µ

M
τ

∣∣∣ L
λ ′

L
λ

)

︸ ︷︷ ︸
def=(5.2)E

α
(M,µ)(N,ν)

}
,

(5.48)

with

(5.1)E
α
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
L=1

no(M)

∑
τ=1

no(L)

∑
λ=1

Pα
(M,τ)(L,λ )

no(N)

∑
ν ′=1

(
N
ν ′

L
λ

)(
M
µ

M
τ

∣∣∣N
ν

N
ν ′

)

−
no(M)

∑
τ=1

no(N)

∑
λ=1

Pα
(M,τ)(N,λ )

(
M
µ

M
τ

∣∣∣N
ν

N
λ

)
−

no(M)

∑
τ=1

no(M)

∑
λ=1

Pα
(M,τ)(M,λ )

no(N)

∑
ν ′=1

(
N
ν ′

M
λ

)(
M
µ

M
τ

∣∣∣N
ν

N
ν ′

) (5.49)
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and

(5.2)E
α
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
L=1︸︷︷︸
L	=M

no(M)

∑
τ=1

no(L)

∑
λ=1

Pα
(M,τ)(L,λ )

no(L)

∑
λ ′=1

(
N
ν

L
λ ′

)(
M
µ

M
τ

∣∣∣ L
λ ′

L
λ

)
−

no(M)

∑
τ=1

no(N)

∑
λ=1

Pα
(M,τ)(N,λ ) =

(
M
µ

M
τ

∣∣∣N
ν

N
λ

)
. (5.50)

(6)E
α [RII]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:=
1
2

{
Nn

∑
L=1︸︷︷︸

L	=M,N

no(N)

∑
τ=1

no(L)

∑
λ=1

Pα
(N,τ)(L,λ )

no(M)

∑
µ ′=1

(
M
µ ′

L
λ

)(
M
µ

N
τ

∣∣∣N
ν

M
µ ′

)

︸ ︷︷ ︸
def=(6.1)E

α
(M,µ)(N,ν)

+
Nn

∑
L=1︸︷︷︸

L	=M,N

no(N)

∑
τ=1

no(L)

∑
λ=1

Pα
(N,τ)(L,λ )

no(L)

∑
λ ′=1

(
M
µ

L
λ ′

)(
L
λ ′

N
τ

∣∣∣N
ν

L
λ

)

︸ ︷︷ ︸
def=(6.2)E

α
(M,µ)(N,ν)

}
,

(5.51)

with

(6.1)E
α
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
L=1

no(N)

∑
τ=1

no(L)

∑
λ=1

Pα
(N,τ)(L,λ )

no(M)

∑
µ ′=1

(
M
µ ′

L
λ

)(
M
µ

N
τ

∣∣∣N
ν

M
µ ′

)

−
no(N)

∑
τ=1

no(N)

∑
λ=1

Pα
(N,τ)(N,λ )

no(M)

∑
µ ′=1

(
M
µ ′

N
λ

)(
M
µ

N
τ

∣∣∣N
ν

M
µ ′

)
−

no(N)

∑
τ=1

no(M)

∑
λ=1

Pα
(N,τ)(M,λ )

(
M
µ

N
τ

∣∣∣N
ν

M
λ

) (5.52)

and

(6.2)E
α
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

=
Nn

∑
L=1︸︷︷︸
L	=N

no(N)

∑
τ=1

no(L)

∑
λ=1

Pα
(N,τ)(L,λ )

no(L)

∑
λ ′=1

(
M
µ

L
λ ′

)(
L
λ ′

N
τ

∣∣∣N
ν

L
λ

)
−

no(N)

∑
τ=1

no(M)

∑
λ=1

Pα
(N,τ)(M,λ )

(
M
µ

N
τ

∣∣∣N
ν

M
λ

)
. (5.53)

6. Approximations of NDIO Type

6.1. “Unrestricted” and “Restricted” Integral
Approximations

If one assumes the atomic orbital basis as being
not only locally but globally orthonormal, all diatomic
overlap integrals occuring in the context of Rüdenberg-
type approximations have to be supplemented by the
corresponding diatomic Kronecker symbol (“Neglect
of Diatomic Integral Overlap”, NDIO). What follows
is partially identical with the “Neglect of Diatomic Dif-
ferential Overlap” description (NDDO), originally in-
troduced by Pople, Santry, and Segal [4] for an approx-

imate treatment of two-center one-electron densities:

(I)
{

Φµ(ri −RM)Φν (ri −RN)
}[NDIOI

MN ]

:=
{

Φµ(ri −RM)Φν (ri −RN)
}[NDDOMN ]

:= δMNΦµ(ri −RM)Φν (ri −RM).

(6.1)

This well-known NDDO picture, however, is now ex-
tended by an analogous two-center two-electron NDIO
scheme which also refers to Rüdenberg’s fundamental
distinction:

(II)
{

Φµ(ri −RM)Φν (r j −RN)
}[NDIOII

MN ]

:= δMNΦµ(ri −RM)Φν (r j −RM).
(6.2)
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Again, in an NDIO-type treatment of four-center re-
pulsion integrals each of both routes has to be passed
through twice:

(I)
(

M
µ

N
ν

∣∣∣ T
τ

L
λ

)[NDIOI
MN NDIOI

TL]
:= (6.3)

δMN

(
M
µ

M
ν

∣∣∣ T
τ

L
λ

)[NDIOI
TL]

:= δMNδT L

(
M
µ

M
ν

∣∣∣T
τ

T
λ

)
,

(II)
(

M
µ

N
ν

∣∣∣ T
τ

L
λ

)[NDIOII
MT NDIOII

NL]
:= (6.4)

δMT

(
M
µ

N
ν

∣∣∣M
τ

L
λ

)[NDIOII
NL]

:= δMT δNL

(
M
µ

N
ν

∣∣∣M
τ

N
λ

)
.

Having interchanged the indices N and ν with T and
τ , respectively, (6.4) equivalently reads

(II)
(

M
µ

T
τ

∣∣∣N
ν

L
λ

)[NDIOII
MN NDIOII

TL]
:= (6.5)

δMN

(
M
µ

T
τ

∣∣∣M
ν

L
λ

)[NDIOII
TL]

:= δMNδT L

(
M
µ

T
τ

∣∣∣M
ν

T
λ

)
.

In addition to these formulas let us again consider

the three-center repulsion integrals
(

M
µ

M
ν

∣∣∣T
τ

L
λ

)
and(

M
µ

T
τ

∣∣∣M
ν

L
λ

)
.

(I) Using two one-electron approximations of NDIO
type we get

(
M
µ

M
ν

∣∣∣ T
τ

L
λ

)[NDIOI
MMNDIOI

TL]
:=(

M
µ

M
ν

∣∣∣ T
τ

L
λ

)[NDIOI
TL]

:= δT L

(
M
µ

M
ν

∣∣∣ T
τ

T
λ

)
,

(6.6)

(
M
µ

T
τ

∣∣∣M
ν

L
λ

)[NDIOI
MT NDIOI

NL]
:= (6.7)

δMT

(
M
µ

M
τ

∣∣∣M
ν

L
λ

)[NDIOI
ML]

:= δMT δML

(
M
µ

M
τ

∣∣∣M
ν

M
λ

)
.

(II) Using two two-electron approximations of
NDIO type we get

(
M
µ

M
ν

∣∣∣ T
τ

L
λ

)[NDIOII
MT NDIOII

ML]
:= (6.8)

δMT

(
M
µ

M
ν

∣∣∣M
τ

L
λ

)[NDIOII
ML]

:= δMT δML

(
M
µ

M
ν

∣∣∣M
τ

M
λ

)
,

(
M
µ

T
τ

∣∣∣M
ν

L
λ

)[NDIOII
MMNDIOII

TL]
:=(

M
µ

T
τ

∣∣∣M
ν

L
λ

)[NDIOII
TL]

:= δT L

(
M
µ

T
τ

∣∣∣M
ν

T
λ

)
.

(6.9)

Hence, like in the discussion above, applying the
NDIO scheme twice implies also an oversimplification

of the two-center integral
(

M
µ

M
τ

∣∣∣M
ν

L
λ

)[NDIOI
ML]

in (6.7)

and of
(

M
µ

M
ν

∣∣∣M
τ

L
λ

)[NDIOII
ML]

in (6.8). Obviously, the for-

mulations of (6.6) and (6.9) should be preferred, since
they use the simplifying NDIO recipe only once. While
the oversimplifying “unrestricted” branch of approxi-
mation has been discussed comprehensively in [7], we
now turn to the corresponding “restricted” route, which
avoids such shortcomings.

6.2. “Restricted and Combined NDIO”Appoxima-
tions (NDIO.R&C) for Fock-matrix Elements

The term ‘ “Restricted and Combined NDIO” ap-
proximations (NDIO.R&C) ’ indicates

• that both one-electron and two-electron routes
of approximation are combined in the sense outlined
in [7], and

• that in this subsection we are going to distin-
guish four-center and three-center interactions from
one another and those of two-center or one-center type.
All different types of three-center integrals occuring
in (2.21) . . . (2.28) will be treated in such a way that
oversimplifications are avoided by applying the NDIO
recipe only once. Furthermore, this time all one- and
two-center interactions are considered to be evaluated
accurately.

Distinguishing atomic off-blockdiagonal from
blockdiagonal matrix elements, we define according
to (2.19):

Fα [NDIO.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:= K(M,µ)(N,ν) + FA[NDIO.R&C]
(M,µ)(N,ν) (6.10)

+ FC[NDIO.R&C]
(M,µ)(N,ν) −FαE[NDIO.R&C]

(M,µ)(N,ν) ,

Fα [NDIO.R&C]
(M,µ)(M,ν) := K(M,µ)(M,ν) + FA

(M,µ)(M,ν) (6.11)

+ FC[NDIO.R&C]
(M,µ)(M,ν) −FαE[NDIO.R&C]

(M,µ)(M,ν) .

For the off-blockdiagonal attractive part we define ac-
cording to (5.12)

FA[NDIO.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:= (0)A(M,µ)(N,ν) + (1)A
[NDIOI]
(M,µ)(N,ν). (6.12)
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For the off-blockdiagonal Coulomb part we define ac-
cording to (5.13)

FC[NDIO.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:= (0)C(M,µ)(N,ν) + (1)C
[NDIOINDIOI]
(M,µ)(N,ν)

+ (2)C
[NDIOI]
(M,µ)(N,ν) + 2(3)C

[NDIOII]
(M,µ)(N,ν)

+ 2(4)C
[NDIOII]
(M,µ)(N,ν). (6.13)

For the blockdiagonal Coulomb part we define accord-
ing to (5.14)

FC[NDIO.R&C]
(M,µ)(M,ν) := (0)C(M,µ)(M,ν) + (1)C

[NDIOI]
(M,µ)(M,ν) (6.14)

+ (2)C(M,µ)(M,ν) + 2(3)C(M,µ)(M,ν).

For the off-blockdiagonal exchange part we define ac-
cording to (5.15)

FαE[NDIO.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:= (0)E
α
(M,µ)(N,ν) + (1)E

α [NDIOIINDIOII]
(M,µ)(N,ν)

+ (2)E
α [NDIOII]
(M,µ)(N,ν) + (3)E

α [NDIOII]
(M,µ)(N,ν)

+ (4)E
α [NDIOI]
(M,µ)(N,ν) + (5)E

α [NDIOI]
(M,µ)(N,ν)

+ (6)E
α [NDIOII]
(M,µ)(N,ν). (6.15)

For the blockdiagonal exchange part we define accord-
ing to (5.16)

FαE[NDIO.R&C]
(M,µ)(M,ν) := (0)E

α
(M,µ)(M,ν) +

(1)E
α [NDIOII]
(M,µ)(M,ν)

+ (2)E
α
(M,µ)(M,ν) + (3)E

α
(M,µ)(M,ν)

+ (5)E
α
(M,µ)(M,ν). (6.16)

With the additional assumption of a globally orthonor-
mal atomic orbital basis the different quantities occur-
ing in (6.12) . . . (6.16) are defined as follows: From
(5.17) we get

(1)A
[NDIOI]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:= 0. (6.17)

From (5.21), (5.24), (5.25), (5.28) and (5.31) we get

(1)C
[NDIOINDIOI]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

= (1)C
[NDIOI]
(M,µ)(M,ν) = (2)C

[NDIOI]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

= (3)C
[NDIOII]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

= (4)C
[NDIOII]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:= 0. (6.18)

From (5.35), (5.38), (5.39), (5.42), (5.45), (5.48), and
(5.51) we get

(1)E
α [NDIOIINDIOII]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

= (1)E
α [NDIOII]
(M,µ)(M,ν) = (2)E

α [NDIOII]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

= (3)E
α [NDIOII]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

= (4)E
α [NDIOI]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

= (5)E
α [NDIOI]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

= (6)E
α [NDIOII]
(M,µ)(N,ν)︸ ︷︷ ︸
N 	=M

:= 0. (6.19)

The off-blockdiagonal matrix elements of (6.12),
(6.13), and (6.15) can be rewritten:

FA[NDIO.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:= (0)A(M,µ)(N,ν), (6.20)

FC[NDIO.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:= (0)C(M,µ)(N,ν), (6.21)

FαE[NDIO.R&C]
(M,µ)(N,ν)︸ ︷︷ ︸

N 	=M

:= (0)E
α
(M,µ)(N,ν), (6.22)

and the blockdiagonal matrix elements of (2.22),
(6.14), and (6.16) finally read

FA[NDIO.R&C]
(M,µ)(M,ν) := (0)A(M,µ)(M,ν) +

(1)A(M,µ)(M,ν), (6.23)

FC[NDIO.R&C]
(M,µ)(M,ν) := (0)C(M,µ)(M,ν) +

(2)C(M,µ)(M,ν)

+ 2(3)C(M,µ)(M,ν), (6.24)

FαE[NDIO.R&C]
(M,µ)(M,ν) := (0)E

α
(M,µ)(M,ν) +

(2)E
α
(M,µ)(M,ν)

+ (3)E
α
(M,µ)(M,ν) +

(5)E
α
(M,µ)(M,ν).

(6.25)

7. Concluding Remarks

Within a picture gained by a “Restricted and Com-
bined” application (R&C) the four approximations

• of Mulliken type (M),
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• of “Zero Integral Overlap” type (ZIO),
• of Rüdenberg type (R), and
• of “Neglect of Diatomic Integral Overlap”

type (NDIO)

considered here are interconnected in the following
way:

Rotational Globally orthogonal Locally orthogonal
invariance atomic-orbital basis atomic-orbital basis
violated ZIO.R&C M.R&C
fulfilled NDIO.R&C R.R&C

ZIO.R&C and NDIO.R&C or M.R&C might prove
to be useful as extensions of numerous computational
concepts in semi-empirical quantum chemistry [15].
For a non-empirical orbital theory, however, only those
concepts can be important, which neither assume a
globally orthogonal basis set nor violate the rotational
invariance condition. Hence, for practical purposes, we
are particularly interested in the R.R&C branch, which
requires a computational procedure for the accurate
evaluation of all two-center integrals.

Due to their dependence on a single geometric pa-
rameter, all types of two-center integrals can be cal-

culated in advance for about one hundred fixed in-
teratomic distances at the desired level of sophistica-
tion and stored once and for all [16]. A cubic spline
algorithm [17] may be taken to interpolate the ac-
tual integral value from each precomputed list. Such
techniques, particularly appropriate for minimal basis
sets, have been incorporated in an approximate non-
empirical procedure based on Rüdenberg’s ideas. Their
numerical application will be the subject of forthcom-
ing investigations.

We have followed a tradition of various early ef-
forts to close the gap between semi-empirical and ab-
initio quantum chemical approaches useful for large
molecules and crystalline systems. Approximate crys-
tal orbital theories of Hartree-Fock type will be dis-
cussed in forthcoming papers.
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